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Chapter 1 Introduction

1.1 Classic Transport Theory: Drude-Boltzmann Method

The Drude model is proposed by Paul Drude in 1900, before the clear understanding of the structure of
atoms. It assumes electrons transport in the metal undergoing random scattering. The basic assumptions include

(1) Electrons transport freely between collisions.

(2) Collisions are instantaneous events.

(3) Mean free time between collisions is 7., which is independent of position and velocity. 7, is the
momentum relaxation time.

(4) Electrons achieve local thermal equilibrium.
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Given the momentum p(t) of an electron e at time ¢. During ¢ — ¢ + dt, e may move freely with the
probability 1 — dt/7,, and gain addition momentum f(¢)dt, where f is the external force. It may undergo
collision with the probability dt/7,, and lose all information of its momentum and gain a momentum f(¢)dt.
Thus the momentum at ¢ + dt is

p(t+dt) = (1- fi)[p(t) + f(t)dt] + pr;—”dt + f(t)dt - fl (L.1)

m m m

where p,.,,,dt/,, is the dissipation term. By taking the average, one obtains

Bt + dt) — B(t) = —i’ipw +F(t)dt + p‘i (1.2)
By usingp, .. =0,
Bt +dt) — B(t) = — (1) + T(t)d
alt) :f(t’)”_ 50 (1.3)
dt T

For f(t) =0,p = T)Oe_t/ Tm. (T,,: momentum relaxation time, mean free time, transport scattering time.)

Random scattering causes dissipation. It turns p(t) to p,.,,, with the probability dt/7,,, resulting the
decay of p(t). ,,, only counts effective collision which leads to momentum relaxation. Not all collision changes
the e momentum in an efficient way.

1

Given the collision time 7, 7,,, can be expressed as } = a,,, —, where o, is the effectiveness of collision

in destroying momentum. The mean free path can be expressed as [ = v,7,,,, where v, is the drift velocity. Low
a,,: (1) smooth impurity (2) chiral state.

For a constant force, p(t) = pye /™ + 7,,f(1 — e7¥/™). Consider an electromagnetic force, ? =
—e(E + v, x B). By using p = mu, one obtains

- (&

v,
Vg = —d

E 49, x B) —
m( + Vg ) T

(1.4)



1.1 Classic Transport Theory: Drude-Boltzmann Method

For a steady (nonequilibrium) state, v, = 0. After a time ¢ > ,,, mv,/7,, = —e(E + v, x B). For zero
magnetic field, i.e. B= 0, one obtains
e o N
0= —"ME = —uE (1.5)
m

where we define the mobility ;1 = er,, /m characterizing the moving ability of e driven by E. The relation
between drift velocity v;; and E yields Ohm’s law, J = UOE, 0y = engl, J = —evyn, = enSuE, where n is
the carrier density. Defining cyclotron frequency w, = eB/m, we have uB = eBT,,/m = w,T,,.

For a 2D sample with an electromagnetic field (B along the z-direction, E along the x-y plane),

N

muy

Fe_

o) = (3 A0
E, eng B —1/u

The resistivity tensor reads
1 B
p= Pzzx p;z:y — 0_61 2 (17)
Pyz Pyy —uB 1

with the longitudinal resistivity p,, = p,, = 0! = (en )~ and the Hall resistivity p,, = —p,, =
uBoy = —B/(en,).

+ B x v
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Magnetic field (T)

The resistivity tensor describes the E field or voltage driven by a current. It benefits the measurement of

(1) carrier density, —eng =dB/dp,, by Hall resistivity(HR)
(2) mobility, u =1/(en,p,,) by carrier density(CD)+longitudinal resistivity(LR)

It is also very convenient to measure the resistivity tensor. There are only two independent matrix elements in
p- In experiments, we consider a rectangular sample. One can simply set J, = 0, which gives E, = p, . J, and
E, = pyyJ,, and then measure the longitudinal and Hall voltage drop by V,, = E L, V; = E, W, which gives
Poz = %%, Pyz = % by using [ = J W.

p is favorable for experimental measurements, while o is favorable for theoretical analysis.

For physical picture, it is more straightforward to imagine the response of electron movement or current to

external fields. For theoretical analysis, there are different methods to directly calculate the current.



1.2 Why quantum and How?

Y 1 V3
x -
Rectangular Hall bar for magnetoresistance measurements.
Consider the conductivity tensor o,

Jy Oyz  Oyy £, Oyz  Oyy

It is just the inverse of the resistivity tensor, o = p~ !,

o —g = Pzz — )
A s
" o Pk tez, 14+ pPB?
In the presence of B, 0, # pyi. 0up = Paa only for B = 0, in which o and p are diagonal.

If we impose an E field along the x-direction, the current
o

Jy =04 By = —2—F

T Opaliy 1 4 MQBQ x

B (1.10)

J =0 Ok

y yz e T 1 2B "
Due to the B field, the current deviates from the direction of the E field by a Hall angle ¢: tan ¢ = uB = w_7,,.

drift velocity

v
Lorentz force d

_ C
Electric field
eE~

f

scattering

In the clean limit, 7,,,# — oo,J, = 0,0,, = 0,p,, = 0. Thus only Hall current remains. The Hall
conductivity o,,, = en, /B, Pya = —Jgjwl. For ;4 — o0, 0, p are anti-symmetric matrices. In general cases, y is
finite, both dissipation (finite 7,,,) and B exist. Both o and p take the general form, related to each other through

inversion.

Both o

dissipation.

»z» Pog A€ zero. o, = 0, because no longitudinal current is driven; p,,, = 0, because no



1.2 Why quantum and How?

1.2 Why quantum and How?

For a homogeneous macroscopic sample, the conductivity o is well

defined through the conductance:
G =0W/L. (1.11)

This relation holds only in the ohmic regime. Physically, o is an average

effect of the random scattering of electrons, so that in the scale of the mean

free path [, o is no longer well defined. |
The ohmic regime requires the dimensions of the conductor to be much L
larger than each of three characteristics length scales:
1. the de Broglie wave length A, which is related to the kinetic energy of electrons
2. the mean free path [, which is related to the relaxation of the electron’s momentum;
3. the phase relaxation length, /,,, which is the distance for electron losing the phase coherence.

In mesoscopic systems, which typically range in size from nanometers (nm) to approximately 100 microm-
eters (um), classical Drude model fails not only because L < [, but also due to the enter of various quantum
effect. In practice, mesoscopic transport can be conducted at extremely low temperatures, where quantum in-
terference effect becomes dominant.

Quantum Effect involve:

o Identical particle: Fermi-Dirac distribution.
o Energy quantization: Transverse modes due to finite-size effect.

o Phase coherence: Interference effect.

In quantum transport, some classical concepts remain true such as mean-free path. Also, in many

cases, semiclassical picture can guide our pursuit for the solution with the quantum correlation.

Various quantum regimes are associated with characteristics lengths:
o sample size L;
o Fermi wave length A ;
o Mean free path [;
o Phase-coherence length A;
o Magnetic length (5 = \/m;
o Localization length £.
Depending on the relation magnitudes of these lengths, the transport takes place in different scenarios:
o L « [, Ballistic regime;
o L >, lw < [, Classical diffusion;
o L > 1, lsa >> [, Quantum diffusion;
o Ap ~ L, Finite size effect & level spacing;
o L = &, Strong (Anderson) localization;

L « &, weak localization;

©

o lp > [, weak magnetic field limit;

(4]

lp < I, stronger magnetic field limit, Landau level dominant.



1.2 Why quantum and How?

1.2.1 Physical Meanings of Typical Lengths

1. Mean free path {. No much difference from classical regime: [ = v,7,, = [ = vp7,,. Electron near
Fermi surface contribute v = 3 x 10°m/s. Givenn, = 5 x 10 /em? and 7,,, = 100ps, it follows that
[ = 30us.

2. Fermi wave length A = 27/k . Its effect is revealed in two aspects:

(a) Interference

T

2
A 1 2 3 4-E

The expression for the phase factor is given by e?***, Consequently, when > A and l, > w,
dephasing occurs.

The propagator can be expressed as a ~ Zn e, with 0,, = an k - dz. Consequently, there are
two way to enhance interference: i) reduce the interference channels. ii) introduce phase-locking
technique such that 6,, = 6,,/, such as TR symmetry, WL, WAL.

(b) Level spacing if W ~ A, finite size effect leads to level spacing.
A, =2W/n (1.12)
h2k2  mh% n?

= — = -
“n 2m 2m W?2

Assuming that W ~ 10nm, it follows that Ae ~ 100 meV. Typical energy scale in mesoscopic

(1.13)

transport is 1 ~ 10meV. If W ~ A, only the lowest one or two subbbands are relevant. Con-

versely, when W > A, boundary condition is unimportant. One can use simply periodic boundary
condition, and the transport shows 2D behavior.

3. Phase coherence (relaxation) length [,. Phase coherence is the most important parameter in quantum

transport. Without phase coherence, most results can be obtained under Drude-Boltzmann taking into

account Fermi-Dirac statistics.

Phase coherence time Tt

1 1
—=—q, (1.14)
T,  Te
where ., is the effectiveness of collision in destroying phase.

What is phase coherence? And how to destroying it?

1.2.2 Phase Coherence

Quantum state superposition:

Y= Zzb (1.15)

= WP =Y 1w+ Yy, (1.16)
i i#j



1.2 Why quantum and How?

where the interference effect arises from the second term in the final line.

Example 1.1

Path 1
(.
I — f
\ magnetic flux
Path 2 o
A simple case:
a/fi:a1+a2 (117)
= Ay = ‘afi|2 = la, > + |ag|* + a a5 + aja, (1.18)
where a; = |a;|e**t and a, = |a,|e 2795 5o that:
Api = lay|* + |ag]? + |ayay] (ewle*i”*im + c.c.) (1.19)
= la1|* + lag|* + 2la;a5| cos(oy — 0o — ¢55) (1.20)

Thus, when |a,| = |as,|, the interference achieved is at its maximum.

Quantum interference, Quantum measurement on ensemble. A single shot experiment cannot give

interference: Two possible output : 0, or 1. 1 nA. 102 electrons transmit on surface in 1s.

Ensemble average: Probability distribution A ;(®). The distribution function contains interfering infor-
mation, exhibiting oscillation with ®. For a huge number of electrons, the relative fluctuation of average
physical quantity is very small according to the law of large numbers.

Thus, the coherence status of the system can be determined using
Ay;(®). (1) Coherence: For a fixed ®, A;(®) does not fluctuate! (2) De-
coherence: For a fixed ®, A ;(®) fluctuates!

A

1

(O}

Figure 1.1: There are two-fold of average: 1. quantum average. 2. environment average.

App = lay|* + |ag]® + e /72|y a| cos(p) — @y — ) (1.21)

The factor e~ "/7+ lead to the reduction of coherent oscillation.

!The overall U(1) phase is unimportant, which is also unknown for each electron.
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Static impurity does not destroy phase coherence: Consider impu-
rity along path 2. Then it will introduce additional phase Ay ~ Ut/h

i

by static scattering: Ay

agp =a; + a,e'¥ BN (1.22)

= Ay = lay]? + |ag]? 4 2|ayay| cos(@; — 0o — 0 — Ap),
(1.23)

the oscillation phase shifts by A, but its amplitude is unaffected

1.2.3 Decoherence

o Decoherence scenario 1: classical randomness of environment

Path 1

Path 2

(Ap) = |ay[? + |ag]? + (Jayay] (ei%‘f*wrw‘rm‘pu) + C-C-)> (1.24)
= |ay]? 4 lag|? + (2]agay| cos (91 — o — o — Ap(t))) (1.25)
= a1 2+ fas 2+ 2layas] [ d cos (o1~ 2 5 — Alt) £© (126

o Decoherence scenario 2: intrinsic quantum fluctuation of environment

Path 1

i —>‘— f
K Quantum object

Path 2

electron-phonon interaction
Quantum object < electron-electron interaction

impurity with internal DOF

Example 1.2 Here is an example for impurity with internal DOF. In the case of a weak magnetic field B, the

Tl <YH Weak B ._)T T_, Spin flipping, decoherence
Strong B e— 3 _ No spin flipping, coherence

presence of a magnetic impurity induces spin flipping, leading to electron decoherence. Conversely, under a

strong magnetic field B, spin flipping is absent, thus maintaining electron coherence.
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Which-way experiment: As long as the which-way information can be obtained in principle by measuring

AN

the state of the scatterer, decoherence takes place.

—7

Spin as a which-way detector

1.2.4 Equivalence between which-way picture & fluctuating scatterer

(0 (z,70)

1.2.4.1 Which-way picture

Considering an initial state: ¢(t = 0) = [t (2)+1by(z)]® Xo(n). Attime 7, the interference is examined,

the wavefunction is an entangled state between electron and the environment?:
U(1o) = 1 (@, 7o) @ X1(n, ) + o (@, 7o) ® X2(n, To)- (1.27)
The electron plus environment is a closed system, described by a pure, entangled state, 1;(70). The measurement

is performed on electron only, whose state is a mixed state by tracing out the DOF of the environment. For

decoupled electron and environment:

[ = ¥y (2, 79) + Yo, )| (1.28)
= |9y (2, 79)[> + [0 (2, 7) |* + 2Re [V ¢y (1.29)
For entangled state:
|2 = Tr, [(z| ) (] 2)] (1.30)
= Tr,, [(¥1 (7, 7) ® X1(n, 7o) + Va(, T5) ® X2(1, 7))

X (Y1(z,79) ® X7 (n,70) + 5(2, 79) ® X5(n, 7)) (1.31)
— [ @i+ v i + s (1.32)

= o) [ i ()i ) + (o7 ) [ s (s o)
(o)) [ dmaxion + o) [ densm) (1.33)
= ‘1/’1(95)7'0)’2 + |¢2($77'0>|2 + 2Re [¢1<33;7'0>¢3($,7'0)/d77 X1(77)X§(77>] (1.34)

The which-way information is encoded in |x;), |x5). The entangled state means that if electron chooses
1 path, then the detector is in state |y;); is it chooses 2 path, then the detector is in state |x5). (x;|x2) = 1

2Here, the “environment” is a general concept, it can also be different DOF (such as spin) of the electron itself.



1.2 Why quantum and How?

corresponds to a poor detector because which-way information cannot be reflected by |x;), |xs), one cannot

tell which electron chooses (x| x2) = 0, then it is a perfect which-way detector, because the path of electron is

completely reflected by |x;), |x5), Which are orthogonal. Therefore, quantum interference, which is the result

of an uncertainty in the path, is then lost.

In this picture, the coherence time (phase-breaking time) 7, is the time in which the two interfering
partial waves shift the environment into states orthogonal to each other, that is, when the environment has the

information on the path the electron takes. [Y.Imry Mesoscopic physics].

1.2.4.2 The second picture

How the environment affects the partial waves rather than how the waves affect the environment (as a

detector). Consider a static potential (V' (x)), its effect on the electron wave is an accumulate phase

A¢ = —/V(w(t))dt/h. (1.35)
A static potential means it is a pure function of the DOF of electron, which gives a certain A¢. When V is
not static, but created by the DOF of the environment, V becomes an operator. Thus its value is not longer
well defined. The uncertainty of the value of V stems from the quantum uncertainty (fluctuation) in the state
of the environment. Therefore, A¢ is also an operator, without definite value. A¢ now possesses a distribution
function P(A¢).

Consider the wave function:

Y(AP) =y + €294y (1.36)
After average:

W(AP)) = Py + (€2)¢hy (1.37)
(e2%) = / p(Ad)e'?dAd (1.38)

For probability:
([D(AD)7) = [1* + [iha|* + ((e"2%9195 + c.c.)) (1.39)
= [1[* + [h|* + (29 iey + (e 205y (1.40)
= |((Ag))? (1.41)

The decoherence arise from the summation of different A¢ terms, which are out of phase. (¢?*?) tends to zero

when P(A¢) is slowly varying over a region much larger then 27 3. Then the interference is strongly suppressed.

In this picture, the phase breaking time is also the time in which the uncertainty in the phase becomes

of the order of the interference periodicity.

1.2.4.3 equivalence between the two explanations

The equivalence between the two explanations is given by the equation: (e'2?) = [ dn x;(n)x2(n). Itis
rather a beautiful relation. When the environment measures the path taken by the electron, with (x;x,) = 0, it
induces a phase shift whose uncertainty is of the order of 27. The statement holds only when the environment
is itself quantum, rather than some intended tuning of a classical parameter to be random.

3In the Feynman-Vernon terminology, (e*2®) is the influence functional.
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Consider the Hamiltonian of the environment H.,,,(7,p,,), and that for the interaction V'(x; »(t),7), H,
for electron satisfies [H,,, V] = 0.

Start with the state:

B(t = 0) = [ty () + 1o ()] ® X0 (n) (1.42)
We have:

Br) = wnCam)Texp | o [ty V)| xalo) + (o m)Texp | [t (1) ol

0 0
(1.43)

Interaction picture:
Vi(t) = eflenst V(zy5(t),n)e —Henu? (1.44)

Consider only the path 2 where interaction take place.

7/7(7'0) =y (2, 7y) ® e_iHE"”T/hXO(W) + y(w,79) ® e iHenu/MT exXp [_l/ — Vi(zy(t), 77)} Xo(n)
0

(1.45)

Then the interference term is:

ol Tesp | =i [ Va0 o) = (ava) = obva) = [xitinatnan 14

It means the interference of electron is affected by the state evolution of the environment. The latter is due to
the interaction with the electron. Specifically, when (x| x») = 0, the which-way information is fully known by
the environment, which destroys the interference.
The interpretation in terms of phase uncertainty is also obvious. The unitary operator T exp [—i j(;TO %VI(% (1), 77)] =
¢4 can be understood as a quantum operator for phase shift Aqg. Since the environment is a quantum object,

its action on the electron exhibits quantum fluctuation. In many cases, P(d¢) is a normal distribution, then
(189 = ¢ilAd)-}(68?) (1.47)
where the term (A@) represents the average phase, while the term (5¢?) induces decoherence.

Fluctuating scatterer must lead to decoherence?

No! The fluctuation should be uncorrelated.

Taking into account that the fluctuations in paths 1 and 2 are identical:
ap; = a,e"2? 4 a,eiPBelh? (1.48)
= 2% (ay + aye’¥5) (1.49) —
Although A is random, it is just an overall phase, unimportant

App = lag)? = (e"22729) (|ag|? + |ag* + ) = (Jay |* + |ag|? + ) (1.50)
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Physical scenario: long wavelength phonon, energy hiw. The coherence time 7, during which electron
undergoes 7, collision. The energy uncertainty is (like diffusion in e-space)

(Ag)? = (hw)2(7¢/76), (1.51)
the phase factor is e, so the phase uncertainty
Ap = Aety/h ~ 1 (1.52)
= hw(T(b/Tc)% = h77¢ (1.53)
= Wy [T, =T = Ty~ (1,/w?)3 (1.54)

As wt, <1, than 74 > 7. Low frequency phonons are less effective in relaxing phase.

1.2.5 Phase-coherence length [,

In low-mobility conductors the phase-coherence time is measured by weak localization experiments.

2
How To relates to lso'

we need to address this question by considering two distinct cases:

G A — A

elastic scattering Diffusion

(i) High-mobility semiconductors: 7, ~ 7,,,, ballistic within 7,, L, = vpT,,.
(i) Low-mobility samples: 7, > 7,,, diffusive within 7.

Random walk: average displacement is zero. N = %’ steps. |z;| = vpT,, cos() for each step. (7 ) =
N

> (zs) =0.
(zy) = 0but (z%) # 0.

N
wJ) ) =2+ Q) (1.55)

= i+
N

=D (e + > (wi)(z;) (1.56)

j=1 i#]
= N(zj) (1.57)
- N(UFTm)2<COS2(0)> (158)
= (2) = 1 =~ (vpm,,)*(cos?0) (1.59)

L [Td0

=1, (vpT,,) [ 5, Cos 0 = vET,,T,/2 (1.60)
= Dr, (1.61)

where D = v%.7,, /2 is the diffusion coefficient.
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1.3 Effective model

1.3.1 k- p model

The charge carriers in a metal/semiconductor are not (bare) electrons, but quasi-particles. (effect due to
periodic lattice potential, interaction, etc.)

\ ,electron-like

’ ‘. hole-like

Effective mass description for semiconductor.

We only care about the length scale [ >> a, where a is the lattice constant, corresponding to the energy
scale much smaller than the band width.

<>
a

By choosing a &, we can write the wave function as ¥ = e*oTetk(e)T which gives

- -

HV = BV = [Ey(ky) + e(R)]W — H,;p(k)e*" = e(k)et” (1.62)

For semiconductor, we use effective mass m*, [E, + % + U(F))Y(7) = ey(7), where E, is the
reference energy of band edge, A is the vector potential, and U is the electric potential.

Remark: The effective mass works only when A(7) and U(7) vary very smoothly in the scale of a.
Otherwise, this description fails. Mathematically, the k& - p perturbation method can be applied to any £ point.
However, the expanding point is chosen to be high-symmetry point such that the effective Hamiltonian possesses
a simple form. Otherwise, the k - p method can hardly simplify the problem.

For Dirac Fermions (Graphene, Weyl semital), H ;... = v, - (b + e A).

1.3.2 subbands:finite-size effect

Consider a confinement in z-direction on a scale d. The wave function reads
2

. ‘ h
(7)) = ¢n<z)ezkx$€zkyy = E=FE+¢,+ ﬁ(k:% + k@2/) (1.63)
m



1.3 Effective model

where ¢, is the discrete energy in z-direction, Ae,, ~ Ak2 ~ (7/d)?. For a thin film d — 0, only n = 1 is
relevant, which gives [E, + (hred? U@)|Y(7) = ep(7), where E, = E + ;.

2m*

1.3.3 band diagrams

For free electron gas, U = 0, A = 0, U(z,y) = eF="ei*¥, B = B, + 1= (k2 + k2).

kx,y
1.3.4 DOS (density of states)
The total number of states is
N(E)—QXS/EQ kdk = "2 (B B) (1.64)
T a 42 | T  Twh? s '

The DOS is
_ LdNg(E) _ m

S dE  7h?
Typical value for GaAs: m* = 0.07m,, N(E) = 2.9 x 10°/ em? - meV.

N(E) 0(E — E,) (1.65)

1.3.5 degenerated v.s. non-degenerated conductors

Fermi distribution: f,(E) = m for equilibrium states.
Remark: Away from equilibrium, the system has no common Fermi energy. Instead, we may have

local quasi-Fermi level, which can vary spatially and can be different for different groups of states even at the

Er(x) ER
E%U

same spatial location.




1.3 Effective model

Two limits: (1) high temperature, non-degenerate limit, e Bs—Er)/kT 5 1 = fo(E) =~ e (E—Ep)/kT )
low temperature, degenerate limit, eZs~Fr)/kT" « 1 = f,(F) ~ §(E — Ej). Relate the equilibrium electron

density n, to E,
m

S

%z/mmmmwz

At low temperatures the conductance is determined entirely by electrons with energy close to ;.. Define the

Fermi wavenumber k-,

_ h2k2,
S 2m
The Fermi velocity is vy = hkp/m.

Ep—E

= kp = %\/2m(EF — E,) = /27, (1.67)

Exercise 1.1 Calculate the DOS for 2D & 3D Dirac fermion using the Hamiltonians below:
Hyp = hv(ok, +o,k,)
Hsp = hv(ok, + ok, +0.k,)

Solution Hamiltonian:

(0 1 0 —i
H, =h k + k

. 0 | k, — ik,
k, + ik, 0

0 1 0 —i 1 0
Hyp=h k, + k, + k,

N
k, +ik,  —k

z

Eigenvalue equation:

ho(k, +ik,) —FEs5p

=FE,p = +hvy/k2 + k2 = tholk|

hvk, — E —1
o vk, sp  hu(k, —ik,) _o
ho(k, +ik,) —hvk, — E;p

Let Nyp3p represent the number of states, then the density of states (DOS) can then be determined as




1.4 High-filled magnetoresistance (Longitudinal)

Sollows:
S
= QLQWEdE/(wa
- T(2m)?
1 dNyp(E) E
= 92p(B) = S dE 7(hv)?
|4
_ 1dN;p(E) E?
= 950 ) = 5 = o)

1.4 High-filled magnetoresistance (Longitudinal)

From Drude model, we see that for a single band model, there is no magnetoresistance. However, as B
increases, oscillations show up in the longitudinal resistance p,,, which is referred to as Shubnikov-de Hass
(SdH) oscillations. Drastic modification of DOS due to forming Landau levels.

In the absence of B, the expression for N (E) is given by N (E) =
" 0(E — E,). Conversely, when B is present, N (F) is given by:

Th?
1 ==
Ns( hwcw E 0 |:E E 2)hw0:| (1.68) 121 A Thw

heB m 1 B )
0|E—E, — —)h 1.69 ===
“m mh2? Z [ 2> wc] ( )
E,
2 B N(E)
¢ Z 5 [E B, — 2)ﬁwc] (1.70) pos
Original quantum states within
For a given electron densuy ng, we can calculate the number of occu-  fw_ are swallowed into one de-
pied Landau level as: generate Landau level.
N,..=n,/(2eB/h). (1.71)

For B = 2T, it follows that 2¢ B/h = 9.6 x 10'° /em?. Additionally, when
n, =5 x 10 /em?, we obtain n,/(2eB/h) = 5.2.

Five Landau levels are fully occupied, sixth one is partially occupied. The resistivity p,, goes through a
max every time this number is a half-integer and the Fermi-energy lies at the center of a Landau level.

For two successive peaks with B;, B, , | (each with a half-filled LL):
n n

5 = =1 1.72
2eB;/h  2eB; /h (1.72)
2e 1
= 1.73
:>ns h’ Bz ! Bz—&-ll ( )
2e

=Bl_p-l — 1.74
7 +1 hn ( )

S

h
We define v; = %

2e it

1.4.1 Landau Levels Onsager-Lifshitz Quantization



1.4 High-filled magnetoresistance (Longitudinal)

/

A Landau Level index V;

Semiclassic picture: r, = v/w,. Quantization version:

2mr,mv = 2mr,p = nh

2

= mv° = nhw,

|}

(1.75)
(1.76)

and discrete energies £, — E, = nhw,, qualitatively correct except for a shift due to quantum

T > 1/B

cyclotron motion

fluctuation
1
E,—E,=(n+ i)hwc 1.77)
What is the Onsager-Lifshitz quantization?
(1) Generalized Bohr-Sommerfeld QC in a magnetic field.
(2) Landau levels for quasi-particle with general dispersion.
ﬁ‘é—;’% —et x B
- . (1.78)
(k) = 5 Ve(k)
=h(k—ky) = —e(f —7y) x B (1.79)
=7 — 7| = |k — k| (1.80)
k, y
©
( B
isoenergy surface
2D case
Onsager-Lifshitz quantization:
1
o v =5 no Berry phase
%p-dq: (n+~)h { 2 (1.81)

the canonical coordinate.

v =0 m Berry phase

Here, p = hk— eg, (h% =p+ eA appears in H) represents the canonical momentum, while ¢ = 7 denotes




1.4 High-filled magnetoresistance (Longitudinal)

y{(h%JreE)-f:}z{(h%o—e(f—fo)><B>-dr~—}z§efi-dra (1.82)
:_ef@xé)-df—e?ﬁ-df (1.83)
_ 7{3 (drxr)—e#(VxA) a5 (1.84)

= #B (7 x dF) —e#B ds (1.85)
:26#B-d5—e#3-d5’:e#§-d§:e¢ (1.86)

h h
= &= — S, 1.87
(n+7)e (n+’y)eB (1.87)
Dual (momentum) space:
22
9 e‘B h 2meB
fixed B , increasing ¢
fixed ¢, increasing B
k space real space
Example 1.3 Normal electron:
h? (1.2 2 1
e=o—(k; +k r=3
ey ) 2 (1.89)
S =7k = (n+ 3) &8, n=0,1,2..
h? 1.2eB 1 eB
=€, = %(n + 5)773 =(n+ §)hwca We =" (1.90)

Example 1.4 Dirac fermion:
eP = +hok = +ho, [k2 + k2, r=20
(1.91)
Sk = 7Tk2 = nLT;B

2B
—k = %|n| (1.92)

2¢B
=D = Lhuy/ %|n| = sgn(n)\/2eho®[n|B,  n=0,41,42... (1.93)

1.4.2 Physical condition for the Landau level regime*?

“Here the regime is the high-field regime (quantum regime)



1.5 Transverse modes (magneto-electric subbands)

In the ideal case, Landau levels will form for arbitrarily small B. In reality, an electron should X

be able to complete at least a few cyclotron orbits before losing its momentum due to scattering.

wlsr, = hw, > h/T,, (1.94)
One can deduce the broadening of Landau levels. To see the levels, their broadening should be small than level

spacing. By applying w. = eB/m and u = er,,/m, the requirement becomes B > ;!

= jc

Conclusion SdH oscillations are visible at longer magnetic fields for high mobility samples.

Graphene has very high mobility, quantum Hall effect can be observed even at room temperatures.

1.4.3 Flat-band (Landau levels) cannot conduct

00000000

1.4.4 Low field MR and high field MR both measure 7

SdH < nlgow—ﬁeld

Usually n; SdH

SdH js influenced by mobility, while nL°*°ld remains unaffected by

, wherein n e

scattering.

1.5 Transverse modes (magneto-electric subbands)

In mesoscopic conductors, one or more directions are narrow. Electrons cannot move in those directions,
and energies are discretized into separated energy levels. These modes all called transverse modes, analogous
to the transverse modes of EM waves.

Consider a rectangular conductor, uniform in the x-direction, with confining potential U (y):
ihV +eA)? ,
12, + VL ye) = Bu) (1.95)

2m
Consider a uniform B field in z direction. We choose the Landau gauge, A= (—By, 0, 0) (translation symmetry
in x direction). Thus

2 B 2 2
[ESJr(pere Y) Py
2m 2m

+U@]P(F) = E(7) (1.96)



1.5 Transverse modes (magneto-electric subbands)

where p,, = —iha%, Py = —iha%. Ansatz:
1, (hk +eBy)?>  pi R
biz,y) = 7" x(y),  [Es+—— —— + o -+ U[@)x(y) = Ex(y) (1.97)

For parabolic potential U (y) = %mw%yQ yields analytic solution, which is qualitatively correct.

1.5.1 U # 0, B = 0 (capture the main features of open boundary condition)

k)2 p2 o1
(B, + (hk) + =L + —mwdy?Ix(y) = Ex(y)
2m 2m 2
F2g2 1 (1.98)
E(n,k)=E,+ o + (n+ 5)hwo,n =0,1,2...

Xoky) = 1,(q),q = v/mwo/hy, u,(q) = e"/2H,(q), where H,,(q) is the Hermit polynomial. Hy(q) =

7r11/4 yHi(q) = %, H,(q) = \2/%1:/14. The velocity for the nth mode: v(n, k) = %% = %

For tight confinement in z-direction (5-10nm), = fw, ~ 100meV. Only one or two bands are occupied.
Confinement in y-direction is relatively weak, so subband spacing is much smaller and there may be many
subbands occupied. There subbands are referred to as transverse modes.

Remark: If the confinement is so weak and the level spacing is much smaller than the interested energy
scale such as E'r, then the open boundary condition is unimportant to the physics, one can then use the periodic

condition and k,, can be regarded as a good quantum number.

1.5.2 U =0, B # 0: Landau level problem

(hk+eBy)* Py

[E, + Ix(y) = Ex(y)
, fm 2m (1.99)
Py 1o 2 _
(B, + 5 T 2mwc(y +u1)%Ix(y) = Ex(y)
where w, = <Ly, = 2y L (y) = u,(¢+ q,), E(nk) = E, + (n+ $hw,),q = /mw,/hy,q, =

\/nTc/hyk. (wy — w, compared to the previous case).
v(n, k) = %% = 0. The wave packet cannot move because of zero dispersion. Consider ¢,(x,y) =
J % f(k)e'**x,, x(y) (constructed with the nth Landau level), ¢(z,y,t) = ey (z,y) = Yoz, y)e mwet,
and the overall phase ¢ ~*"“<* is unimportant. u, (¢ + q,) = e~ @t %)*/2H (g + q,). The spatial extent of each
wavefunction in the y-direction is approximated as Ag? ~ 1, mw,/hAy? ~ 1 = Ay ~ mLLC = 7W ~
v 2

— 1 =1
= =r,=> zmv° = shw,.

c



1.5 Transverse modes (magneto-electric subbands)

E(k)
n=3
n=2
h
I hao -1
k
“““““ ki, q:
Ay | == k2, q,
fen, qn

Degeneracy of Landau levels: (1) N = 23 x fiw, = B2, (2) Ak = 2F Ay, = 28k = 210 'y —
Ay X 2(spin) = 8 eBL = <73 (L=length, W=width). Define & = BS, &) = h/e, we obtain N = 2 x 5.
Although Ay, < Ay, (X, [Xx,) # 0, (k1|ky) = 0 in the x direction. So the whole wave function is

orthogonal.
B =n.lB= B =hle=oy, N =g

meB
For any B, the quantization of the cyclotron orbit ensures that the encircled flux is quantized.

1.5.3 U +# 0, B # 0 (stripe subject to B)

hk + eBy)? p 1
[E, + (it eBy)” | Py —mwiy?|x(y) = Ex(y)

2m 2m 2
1 P2 1
By + 5mw?(y +yi)? + ﬁ + omey?Ix(y) = Ex(y) (1.100)
1 P2 1
B+ gmi(we +wi)y? + ﬁ + omewzy? + mezyylx(y) = Ex(y)

2 2,2
Define wj + wg = wg,

1 vy 1
(B + Smw? v? + - + smwzy® + mwlygyx(y) = Ex(y)

2 2m 2
2 ) . .
p 1 1 2w wi 1w
[E, + —2:7’1 + §mwzyi + imwgo (y2 + 2 Yy + i y,ﬁ) — 5mw4 yi]X(?ﬂ = Ex(y) (1.101)
‘o Co cq
2 2, 2 9
p wiw 1 w
) it — c~0,2 _ 2 c 2 —FE
B+ 5+ 5 v + gmews (y + 2 )" Ix(y) = Ex(y)

20



1.5 Transverse modes (magneto-electric subbands)

2
where X, 1 (y) = unla + Gl a = \fmwe, /by, g, =\ fmee, /Ty
2
C

1wl 1 1 wg h2k? 1
E(n,k)=E,+ = Oy2 Nhw, =E,+ -— —)h 1.102
(n, k) Tz Y+ (n+ 5)how, 32 m + (0 5w, (1.102)
where w,y, = 2. The velocity v(n, k) = %aEg;’k) = %:i Effect of magnetic field: m — m(1 + u‘f—g),

<o €0
2
electrons become fat. y;, = 2% =y, = v(n, k)“T52, which means the transverse location of the wave function
c*0
is proportional to its velocity.

Classical picture: B # 0, E = 0:

B+0,E % 0:

\ X R seele

NS e
Drift velocity —>
\W y electric field

elele
NN 1

Introduce potential energy to each mode: [ dy(x,, 1.(¥)|U(y)|X, x(y)) = Uy. For finite dispersion,
0BE(mk) _ Uy
ok ok -

1.5.4 General scenario: topological edge states

Although this is obtained by the model with specific potential, the qualitative conclusion generally holds:

edge states. To induce finite dispersion, U (y) is finite only around the edge, with zero magnitude in the bulk.

21
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1.5 Transverse modes (magneto-electric subbands)

—
Yk

v, =0

u)

Transverse modes.

edge states: mobile
states near edges

Question: What is the physical meaning of “an edge”?
Answer: Confining potential.

The edge states can be understood in two ways: (i) y-dependent U (y) near the edges gives rise to finite

. . 19} U S\ T . . .
dispersion. v, ~ %& ~ W (ii) Finite electric field £, = —8g—§j”) at the edge gives rise to local Hall
current.

el _—
\)A)/\M_)/e skipping orbit

OO0

v lmmmmm

Hall response is the intrinsic bulk property. (Bulk-Edge Correspondence— PRB 25, 2185)

E(k) E(k)

Chiral edge state Helical edge state

k k

22



1.6 Drift velocity or Fermi velocity

1.5.5 Suppression of backscattering

classic picture:

—k—

o WANIANL
Chiral:
nonmagnetic impurity
Helical: = e 4’”:?\” .
— P
Chiral: right mover |k 1), left mover |k |). Time reverse operator T: T|k 1) = | — k [), T? = —1.

T|—k]) = —|k 7). The nonmagnetic impurity: TV (r)T~! = V/(r). T is an antiunitary operator: (Tx|Ty) =
(y|z), T = io,K = T, K: conjugate operator.

(~kLIVIET) ==k |TVT| k) =~k T ITHV(T| -k 1))

(1.103)
=—((kT|THITV| =k L) =—(=kL|V[kT) =0
Helical: R,(27) = €'™. a = rR(n) + rR,(—7), |a|> = 2|r]2 + (|r|2R,(27) + c.c.) = 0
1.6 Drift velocity or Fermi velocity
The current density Jina homogeneous conductor:
J = en,i,. (1.104)

where n is the electron density, and the ¥, is the drift velocity. In
this picture, all electrons drift and contribute to the current. This picture k,  —— cE
contradicts that for degenerate electron gas, kT <« Ep — E,. Energy-

resolved current measurements show that only electrons within a few kzy

relative to quasi-Fermi energy F, carry current. Conceptual simplification:

Drifted distribution

For low temperatures, it is sufficient to understand the dynamics of electrons ~ Equilibrium . !
Zhe
with energies close to the Fermi-energy. '

)] g0 = [f (k= kg)l o (1.105)
hz:d - QET - GE'T
—=ky=— o k= — 1.106
m d o = Kq 5 ( )

When k; <« kp, nothing much happens for electrons deep inside the Fermi sea (k¥ < k). This can be
analyzed from two perspectives:
o Single-particle perspective: Electric field boosts all electrons by the drift velocity v;
o Collective perspective: Electric field only moves a few electrons from —k . to k5, a "pumping regime”.

Rewrite the current density:

J=en, b, = e[n,~%]v,. (1.107)
VR
. 1
Current is carried by a small fraction of the total electrons (n ;—Z) which move with the i
Fermi velocity. _>i L_ ks
[ |
ky
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1.6 Drift velocity or Fermi velocity

The equivalent pictures arise because of Fermi-Dirac distribution. The current
carried by electrons near E. usually works for longitudinal current. The Hall current
is usually understood by the entire Fermi sea. However, for topological transport, Hall current may also be
interpreted by electrons at the Fermi level. {f f (k) chdp = §EF A(k) - dk, [see Haldane, PRL]

1.6.1 Quasi-Fermi level

carry net current
Es

compensated electrons

B2 (kp + ky)?
AT gi a) (1.108)
m
2
Sopr e RN gy e~ gem (1.109)
m

where [ denotes the mean free path.

1.6.2 Einstein relation

L Ha F, Diffusion
o Wﬁ\\ﬁ\
w By —— M\U\ o

_F'+F L F,
- 2 compensated electrons

i} F,

Current density: J = en,d,, drift current by all electron. E = 2V /L = VE,/|e], electric potential

shifts the band. Homogeneous conductor: electron density is constant everywhere. Concentration gradient:
Vn = —N,(uy — p15)/L%. Diffusion current is given by: J = —eDVn = eDN,#17#23 = ¢2DN,E.

Considering the chemical potential difference 1, — u15 = e E L, the conductivity is defined as o = 2N, D.

1.6.3 Drift or diffusion, two different perspectives

(i) Drift: Consider entire sea of electrons, no concentration gradient, no diffusion. The current is then purely
due to drift J = en,v,. so 0 = engu, where ng is the carrier density.

(ii) Diffusion: Focus on energy range 1; > E > u,. Finite concentration gradient. The current is then
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1.6 Drift velocity or Fermi velocity

purely due to diffusion, we get:

o=¢e*N,D (1.110)
eD n,
po NPT (LD
1
D=2, B)="""mu (1.112)
e
1
=D = §U%~Tm (1.113)
If n, — 2n,, the following consequences ensue:
(i) 0 — 20, due to increase in electron density.
(ii)) BFp — E, —» 2(Ep — E,) — 0 — 20, due to increase in Fermi velocity v.
Conclusion
(i) More electrons that move.
(ii) The same number of electrons more faster.
Non-degenerate conductors: % =kgT.
@ How does all the analysis change for Dirac Fermion?
1.6.4 Zero temperature conductance is a Fermi surface property
pq +nkgT > e > py +nkgT. (1.114)

T — 0, then iy = py ~ Ep. To understand the conduction properties at low temperatures, it is sufficient to

consider the diffusion of electrons right at the Fermi energy, without worrying the entire sea of electrons.

1.6.5 With magnetic field

No net current

_k9y*k

/ finite local current

S
—

A\

+k,y.x

Er

one subband

Yr 7 Yor

It seems from the band shape that no difference from previous analysis. However, k is now y,,, meaning that

the left- and right-movers are spatially separated. Therefore, the electrons below the Fermi energy. Although

compensate each other for the overall current, not so for local current. That is to say, all electrons below E

should be taken into account in the analysis of local current, which corresponding to conductivity as

5J = odE.

25
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1.6 Drift velocity or Fermi velocity

But is is still sufficient to consider electrons around Fermi energy in the analysis of the conductance. Elec-
trons far below £, compensate each other in the overall current, summing up all transverse channels.
The statement “’zero temperature conductance is a Fermi surface properties” holds true for conductance is

this scenario, rather than conductivity.

Exercise 1.2 (E.2.1, page 112) In Section 2.1 we calculate the contact resistance when a narrow conductor
with M modes is connected to two very wide contacts. If the number of modes in the contacts is not
infinite, but some finite number, NV, then the left-moving and right-moving carriers inside the contacts
have different electrochemical potentials as shown in Fig. E.2.1 (page 112 of Datta’s book). Show that the
contact resistance taking this into account is given by
h 1 1
=5 [ )
Assume reflectionless contacts as in the text. For futher discussions on the nature of the contact resistance

at different types of interfaces see R. Landauer (1989), J.Phys. Cond. Matter, 1, 8099 and M. C. Payne
(1989), J. Phys. Cond. Matter, 1, 4931.
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Chapter 2 Landauer-Buttiker Method

2.1 Resistance of a ballistic conductor

2.1.1 Ballistic v.s. diffusive

9*/

*

ballistic diffusive

ballistic: propagation without scattering, no impurity or weak effectiveness of scattering (topological edge

state).

Large conductors: ohmic scaling G = oW /L. L — 0, G — oo, unphysical. Experiment: L > L, , L —
0,G = G..

2.1.2 Contact resistance, concept

where comes the resistance for a ballistic conductor? G ! is referred to as contact resistance. Contact:
infinitely many transverse modes. Conductor: a few transverse modes. Most incident electrons are reflected.

“From sea to river”.



2.1 Resistance of a ballistic conductor

continuous spectrum

=
=N

The contact cannot be identical to the conductor. The contacts should be infinitely large such that electrons

discrete levels

inside can be regarded as in equilibrium, the tiny current flowing inside the conductor will not affect such
equilibrium. Therefore, y=the chemical potentials in the contacts are well defined and the voltage drop occurs
entirely within the conductor.

2.1.3 Reflections contacts

Reflection is negligible when electrons transport from the conductor to the contacts.

Without relaxation and scattering within the conductor. Right-moving electrons possess the same distribu-

tion as that in the left contact. Left-moving electrons possess the same distribution as that in the right contact.

251

Uz

At low temperatures, current is due to the green part.

2.1.4 Calculating the current

For the N-th mode dispersion E(N, k), e = E(N,0), band edge. Number of modes for a given energy
E: M(E) = >\ 0(E — ey). For any mode, +k states occupied according to distribution function f*(E).
Consider the current, dqg = evndt = [ = evn,n = 1/L.

+_ £ gy ENLOE
I —szjka (B) =+ k ap () @.1)
S, o 2x £ [dk=
k r=l [T = [ 22)
T Lor ), h ok T hL '
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2.1 Resistance of a ballistic conductor

Multiple modes:
Ly =00 =5 [ rr@ae=3 [ remEae @3
N N € —00

this relation holds for any kind of dispersion, the main task becomes counting numbers of transverse
modes occupied. The reason is that larger velocities correspond to smaller DOS.

The current carried per mode per unit energy by an occupied state: 2e/h =~ 80nA/meV.

2.1.5 Contact resistance, evaluation

1= -1 =2 [Ty - e 2.4)

—00
where fT(FE) is the Fermi distribution of left contact, and f~(E) is the Fermi distribution of right contact.
Consider zero temperature, f7(E) = 0(u; — E), f~(E) = 6(uy — E). Assume p; — iy < Ae (energy shift
between different transverse modes), then both 14, and pi, cross M modes.

2¢ [ 2
I= he/ 0(1y — E)O(E — i) M(E)dE = fM(ul — Ho) (2.3)

where (1, — py = eV, I = %M V=G, = g—‘l/ (differential conductance) = é (conductance) = %M .
_h_ 1 . 12.9

2¢2 M — M >
single-mode resistance, and the denominator is parallel resistors composed by different modes.

The contact resistance (resistance of ballistic conductor): G,jl = where the numerator is the

L ——

UQ) w

Wide conductors and scaling with W: U(y) changes in the scale 0 at the boundary, which satisfy § >
W. To count the transverse modes, we neglect the boundary details and use the periodic boundary condi-
tions. The transverse modes are then marked with k. Ay = QW“ (Born-von Karmen boundary condition),

21.2
Ep = % —kp < k, < kg, the channels all cross E. Plane waves replace standing waves composed of

k,. M(Ep) :Int[ﬁ—ij] :Int[kFWW] :Int[%], where A is the Fermi wave length. Consider A\, = 30nm,

W = 15um (FET) = M ~ 1000. G_;* ~ 12.5Q.
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2.1 Resistance of a ballistic conductor

2.1.6 Experiment on quantum point contacts (QPC)

constiction, < mean free path

V¢ changes W

O
Gate voltage

Ve(V)

Quantized (differential) conductance

Metal: small A, large M, V, - AW — AM > 1. Semiconductor: large Ay, small M, quantization,
AW — AM ~ 1.

2.1.7 where is the voltage drop?

contact 1 contact 2

Ballistic conductor

! 1

| +—> average quasi-Fermi level
[

i

i

For small current, the chemical potential is near equal for +k states in contacts, with huge difference

between quasi-Fermi level in the conductor, F'*(= p,) # F~ (= u,). Define the average quasi-Fermi level,
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2.2 Landauer Formula

= %(F T+ FT) = %(lh + p5). Where the voltage drops, where the resistance is located. The voltage drops
are equal at two interfaces, indicating that the resistance is located at the interfaces, consistent with the “contact

resistance”.

2.2 Landauer Formula

Mesoscopic v.s. Macroscopic (ohm’s law G = oW /L).
(1) Contact resistance independent of L.
(2) G o< M, M does not xx W, exhibiting discrete steps.

o Landauer Formula:

2 2
G = %MT, (2.6)

where T' represents the average transmission probability, with T" = 1 indicating a ballistic conductor.

o Lead: ballistic conductor with M transverse modes.

The contacts are reflectionless, so that the incident electrons (+k states in lead 1 and 2) possess the same

distributions as those in the corresponding contacts.

%4
1
U

Conductor

L <100% lOO"/L_> Lo
Lead Lead

I ——

T

mcident\/

The leads with proper distribution functions for the incident states contain the full information that
is necessary for the calculation of the transport properties, effectively describing the physical roles of both the

leads and contacts. The electron distribution below 1, is unaffected by scattering up to an over all U (1) phase.

Zero temperature. influx of electrons from lead 1:

2e
I = FM[M — Ho] 2.7
Outflux from lead 2:
2e
Iy = 5 M(1=T)[py — po (2.8)
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2.2 Landauer Formula

Net current:
2e

=I5 = I} I} = 5" MTlp, —po] (2.9)
I 2e?
V. h 10

where 1" represents the mean transmission probability, and 7' = 1 indicates a ballistic conductor. We could

view the Landauer formula as a mesoscopic version of the Einstein relation:

o=¢e*N,D o—G N, —-M,D—T. (2.11)

2.2.1 Should we include the contacts?

Conductor
A 00% 100%| 2
S R
\/.P L?ad Leiad Q/
1 1L 2L 2

Calculate transmission between 1, 2, or 1L, 2L?
Between 1, 2, we should include the number of modes M, in the wide contacts. Due to the restricted
structure is the central region, average transmission probability for a single mode is very small.
For a ballistic conductor, whether 7', ~ M /M, such that G = %MMT w = %M is hard to verify.
Although G = %M T measure the conductance between 1, 2, we just need to evaluate the quantity MT'
between 1L, 2L, rather than that between 1, 2. It saves a lot of work but leads to the same answers.
Justifications:
(1) Contacts are in equilibrium, with F* ~ F~.
(2) Incident electrons inherit the distributions of the corresponding contacts.
(3) Distributions of incoming electrons plus transmission are sufficient for the derivation of the Landauer
formula for reflectionless contacts.
(4) Ultimately tested by experiment.
Contacts provide distributions inherited by incoming electrons in the leads, while conductor provides

scattering. In this way, we can forget the contacts.

2.2.2 Ohm’s law

How can we reobtain the Ohm’s law from Landauer formula as the conductor’s size becomes large.
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2.2 Landauer Formula

Wide conductor:

M ~ kpW/x (2.12)
2 k
oo 2 kW (2.13)
h m
2e? hkpm W e mW
_ 2T hkpmW o, e”  mWo N o 2.14
W om b LT R L W @19

where we have utilized the expression N, = m /7h?.

The transmission probability (classical) through a conductor of length L.

I
L+ L,
L, which denotes the characteristic length, is approximately equal to the mean free path. L — 0,7 — 1. We

(2.15)

introduce the expression for 7', leading to

=7 —I|/—VL0 e?N (vpLgy/m) (2.16)
Recall Einstein’s relation for degenerate conductors, given as o = eQNsD, where D = %U%Tm, SO
G = LU-FM;O =G 1= % (resistance) 2.17)
we can rewrite the resistance as:
Gl=G'+G! (2.18)
where G;! = ﬁ is the actual resistance, obey the Ohm’s law, and the G! = f—v?, is the contact resistance.

Proof of T'(L) = L,/(L + L) in the classical regime:
Is T}y = T, T,? Certainly not! If that were the case, we would have:

Ty, = T, T, (2.19)
= T(x; +xy) =T(x7)T(24) (2.20)
= logT(z, + x4) =log T (z,) + logT(x4) (2.21)

We define the function f(x) as log T'(x), and thus we have:

fz)=C 2= T(z) = e (2.22) E%L _?,1,

= T(xy +25) =T(xy)T(24) (2.23)
=T(x)~e*T(L)~e L (2.24)

T,

T\ T,

Correct method to calculate resistance:
TR, R\ T;

T, T.
— 2 2 __hids H
Ty, =T, (1+RRy+ R{R5+ ...) T, = = RR, ‘ R,

(2.25)
1 1-1-17)1-T T+71,-T\T 1 1
L ( 1)( ) _ T+ T, ity _ L0
T T, T, T, T
(2.26)
1-Ty, 1-T, 1-T,
= = + (2.27)
Ty T T
We see that 1?{1 shows an additive property. So for N
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2.3 Where is the resistance

identical scatters in series, each having a transmission proba-
bility 7", we have:
1—T(N) 1-T T

=N =T(N)= —— —— 2.28
T(N) T (V) N1-T)+T (2.28)
The number of scatters N = v - L, v linear density of scatters:
T T/v(l-T L
T(N) = __Tpd-T) L (2.29)

vL(1-T)+T L+T/v(1-T) L+L,
(1 77 is order of MFP. To see this, we have 1 — Tl ~ 1, so that [ ~ 1 s ~ Lo
The quantity (1 — 7")/T has an additive property actually suggests that the actual resistance of the

where L, =

conductor satisfies the Ohm’s Law.

ho1 h h 1-T
-1 _ — = 2.
¢ 2e2MT  2e2M + 2e2M T (2.30)
=Gl + Gt (2.31)
h 1-T,
-1 _ 1 __ —1
Gl = oo Z 7= ZG (2.32)

Quantum coherence effect is not involved, which is the main focus of this lecture. As the quantum
interference is taken into account Ohm’s law fails for G; 1. At the same time, the multiple scattering picture

holds even for quantum regime, as the phase coherence correction is considered.

2.3 Where is the resistance

what’s the nature and meaning of resistance on a microscopic scale? Drude model gives some pictures,
but the microscopic picture is averaged out to give the results on a macroscopic scale. Consider a conductor
with M modes with one scatterer with 7. G~ = G;1 + G;1, G = 2621\/1’ Gl = 28’;M —L (This “Ohm’s”
law holds even when G;! involves quantum coherence). The scatterer resistance G;! is determined entirely

by the transmission probability 7T'. But there are several questions associated with various manifestations of the
resistance that remain. (1) Can we associate the resistance just with the scatterer? (2) What about the potential
drop (I/G,) associated with this resistance? Does it occur right across the scatterer? (3) What happens to the
Joule heat (12 /G,) associated with this resistance? Is it dissipated at the scatterer? (4) The scatterer could be
rigid and elastic having no internal DoF to dissipate energy. In that case, the heat must be dissipated elsewhere.

But where?

2.3.1 Energy distribution of electrons

when a bias is applied, electrons are injected into the leads, inheriting the distribution of the contacts. Then
electrons are scattered, the outgoing electrons are in non-equilibrium states, which are determined by scattering

and then undergo relaxation to equilibrium far from the scatterer.
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2.3 Where is the resistance

scatterer
I T
I  near near far

left left right right
- - -—-=—- far right
- ——- far left 1-T Jf f+ f f+|_ T g
near left E |_ sE E _| s E near right

T qcattellnc

relaxation

>

Hy F' g My Uz Mo By

f*(E) are distribution functions for 4k states.

At low temperatures, f1(FE) ~ 0(u,; — E) (left of scatterer,  is the electrochemical potential). Incident
electrons are in equilibrium, no relaxation can occur before scattering. Similarly, f~(E) =~ 0(u, — E) for the
right of scatterer. Scattering results in non-equilibrium outgoing states. f*(E) =~ (uy — E) + T[0(p; —
E) — 0(uy — E)] for near left, f~(E) ~ 6(uy — E) + T[0(py — E) — 0(puy — E)] for near right. These
distributions are highly non-equilibrium and are only valid very near the scatterer. After propagating through
a few energy relaxation length away from the scatterer, the electrons will settle down to lower energies and a
Fermi distribution will be established again. f*(F) ~ 6(F” — E) for far right and f~(E) ~ §(F' — E) for
far left. The new electrochemical potentials F’, F” are determined by the conservation of electron number.
F" = g + Ty — po), F' = piy + (1 =T) (g — pro)-

(1) we have assumed that the energy relaxation processes occur within the +% or —k branch, but not in
between. There is no momentum relaxation in such processes. As such, the resistance (momentum relaxation)
and energy dissipation are separated. This is a simplified procedure to deal with the problem. Otherwise,
additional resistance appears along with energy dissipation. (2) The analysis above has implicity used that the

DOS is a constant, independent on energy for 2D electron gas or within a small energy interval.

2.3.2 spatial variation of the electrochemical potential

energy relaxation length

brp—
1 Fr(F7)
1-T
|\ S T
Contact 1 far near scatterer near far Contact 2
left left right right

hot electrons deviate from equilibrium



2.3 Where is the resistance

If we define the electrochemical potential even for the non-equilibrium regions such that it gives the right
electron number using equilibrium distribution function, then we have for the + states: F* = p, (lefy= F” =
o +T (11— ) (right). Similarly, for the —k states, F'~ = p,, (right)= F’" = po+(1—T")(pq —p15) (left). Define
the normalized potentials u* of F'* by setting i, = 0, = 1. one obtains u* = 1 (left), u™ = T (right),
pt =1—T (left), u~ = 0 (right). The normalized potential drops across the scatterer is equal to 1 — 7" for both
+k states. The actual potential drop is then eV, = (1 —T')(uy — p45). The total voltage drop between 1,2 in the
contacts is f1; — ju5. Therefore, the rest of the bias 7'y, — j15) is dropped at the interfaces with the contacts. Note

h

that the current is I = 2 MT'(u; — 1), the contact resistance is Gt = 5t = eV, = eI Gt = T(py — piy).

One physical effect associated with the resistance is the voltage drop, V' = I R. Using the assumption
of F*(u*) above, the voltage drop occurs spatially located at the scatterer, seemingly indicating R, = G ! is
also spatially located at the scatterer. But the resistance has different manifestations, it becomes subtle as G';!

is defined by these physical manifestations.

2.3.3 where is the heat dissipated?

If G, is manifested through Joule heat 12 /G, then the property of G ! is associated with spatial energy

dissipation. Assuming rigid scatterer, the heat dissipation must occur elsewhere.

energy relaxation length

O—s photons
O—
O—
O—
Oo—
Ha Ha
non-equilibrium Fermi distribution

Consider energy conservation: 0U(z)/0t + V - fU + pp(z) = 0, where U is the energy of electron, fU

is the energy current, p, is the dissipation. For stationary states, dU(z)/dt = 0, pp, = —V - fU = —%,
Iy = 1 [ Ei(E)dE, i(E) is the energy distribution of the current, 1i(E)dE denotes the current of carriers
between [E, E + dE]. Charge current: I = [ i(E)dE =constant. Define an average energy U of the current,
U= % = v = p, = —L4U Current per unit energy: i(E) = 2M [f+(F) — f~(E)]|dE. Again, f*

e dz "
is the distribution function for -+ states.

1-T Jf_ f* f~ f"'L T
F r FE F —| E

H1 F' pa Ha Ha M2 F” py
————— far left ----- far right
near left near right

Energy distribution of particle number f*(F)
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2.3 Where is the resistance

o 2eM _2eM
B 1 (Y
ERE '
Hi F* M2 Mz F" Hp
————— far left ----- far right
near left near right

Energy distribution of current i(E), contributed by both left and right movers.

The average energy of the current (note that the discussion of energy is associated with the net current,
since only this part of energy will dissipate):
(F’ +py)/2 (farlefy~1—Z
U=19 (pg+pny)/2 (near left and near right)~ %
(F” +py)/2 (farrighy~ &
U= EITU, so that for 7" # 1, both I;; and I are reduced by scattering by the same factor and U = (p; + 115)/2
around the scatterer is independent on 7'. However, F’, F” rely on T'.
while the electrochemical potential drops sharply across the scatterer, the average energy of the current
changes slowly over an energy relaxation length which is the distance required to dissipate the Joule heat asso-

ciated with G 1. If we consider G ! related to Joule heat, G; ! is not localized at the scatterer.

G ! has different manifestations: momentum relaxation, voltage drop, energy dissipation. We cannot
discuss G, without talking about any of these effects. We did not touch the inelastic processes that dissipate

current energy, just assuming they are inevitably present.

2.3.4 Resistivity dipoles

The quasi-Fermi energy F), drops sharply at the scatterer.

WA R

Energy distribution of particle number f*(FE)

Since the quasi-Fermi energy is a measure of the electron number, and only a fraction (T) of electrons can
cross the scatterer. Such a sharp change of electron number in space creates a strong local electric field. This
effect appears only around the scatterer within the scale of screening length. Deeply inside the leads (contacts),
the electron density should not change. This follows from the lesson of the screening effect in a metal. If there
is a local charge therein, only electrons nearby will be driven to form the screening cloud. While other electrons
far away from the local charge cannot even feel its existence. Therefore, the bottom of the band E, follows the
change of the electrochemical potential in space. In particular, i, — E, = p1o — E, ensures the same electron
density deep inside the leads, which should be the asymptotic behavior of the actual situation.

When we impose a bias, what do we actually do?
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2.3 Where is the resistance

Deep inside the leads, the electron density is unchanged, and so both 4, £, change to ensure constant
p; — E,,. However, care should be taken near the scatterer, where charge imbalance occurs, which causes local
field to be screened. Such a screening takes place in the the scale of screening length (~ a few angstroms in
typical semiconductors), thus softens both the local field as well as change imbalance caused by scattering.

Accordingly, £/, changes smoothly in space following the electrostatic potential. The latter is determined by

S

the originally imbalanced charge due to scattering as well as the screening charge.

the electric field

energy

Hy
(inside left contact)

E s .
S1 (inside right contact)

—

screening length

The physical effect involves the following steps: (1) Abrupt change electron density across the scatterer,
with strong local electric field EO, 2) EO drives free electrons for screening. (3) Both electron density and E
field become smooth in space. The electron density ng, = N (F, — E,) = on, = N (JF,, — 0E,). In the
region of scatterer, dn, # 0, 6F,, + 0E..

energy

Hq

Uz

Sy

Sq
screening length

resistivity dipole

Telectric field

after screening

before screening

This is a mesoscopic version of what happens on a macroscopic scale, where a low conductivity ma-
terial. It also indicates that even a homogeneous conductor with a uniform conductivity is reallyu extremely

inhomogeneous on a mesoscopic scale.



2.4 What does a voltage prob measure

2.3.5 Screening length

2
Poisson equation for the electric potential V2V = —%, where ¢ is the dielectric constant, d is the

thickness of 2D system. (Note: dn is the area density, the system is in fact 3D.) 6E, = 6V = V?(6E,) =
—E0na) G2(6E,) = —CNOF 0B _ _g2(5F _GE,), B = ) EDe = (V2—§2)6E, = —B20F,, where

=1
1 is the screening length.

E follows the electric potential, n, is determined by the quasi-Fermi energy F,,.

2.4 What does a voltage prob measure

Voltage probe: sense the local electrochemical potential (or quasi-Fermi energy)

Hp1 sz/\

1 L floating voltage probe
«— E—
1-T
Four-probe Hall bridge.

For macroscopic setups, there is no ambiguity for the electrochemical potential. However, for mesoscopic
setups, it is highly nontrivial what a voltage probe actually measure. The electrochemical potentials for the 4+-%
states differ from each other, and the signature of the voltage probe strongly relies on the details of the contacts

between the sample and the probes.

Normalized electronical potential

Contact 1 Scatter Contact 2

If we assume that the probes will measure the local electrochemical potential of either +k or —k states, or

some specific combination of the two, such as a1, + (1 — o) pu_;, then we have:

{u,,l = apiy + (1= )iz + (1= T) (= i) .
Hp, = alpy + T (g — po)] + (L — )y
SO
eV = pu, — py, = afpy — pig — T(py — pp)] + (1 — ) [py + (1 = T) (1 — po) — pio)] (2.34)
=a(l=T)(puy — po) + (L = a)(1 = T)(py — p2) (2.35)
=(1-T)Ap (2.36)
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2.4 What does a voltage prob measure

where Ay = p1; — py. The expression for the current is I = %M T Ap, leading to the four-terminal resistance

Ry, = % = 26’; 7 (% — 1) = R — R_, which is contributed by scattering expected result.

Three separate problems:
(1) Invasive mesoscopic probes

l j | Changes the scattering

‘7 properties significantly

Macroscopic Mesoscopic

A practical rather than a fundamental problem. (Weakly coupled STM may solve this problem, very weak
effect to mesoscopic conductor.)
(2) Non-identical mesoscopic probes

Different voltage probes could couple differently to the +k and —Fk states. In the limiting case shown in

) lﬁ'\—k +k% P2

the following figure

P, =T Ap
(ttp, — 11p,) /€ h 1-2T
R="" " P2rl R<0 for T>05 2.37
T s T <0 for T>05) (2.37)
[y, — My, € [1—2T,1]Ap (2.38)
ho1
=———[1—2T,1 2.
:>R4t 262MT[ ) ] ( 39)
andfor L > I, T < 1, Ry, ~ 5057 > R..

(3) Quantum interference effects
Ry = %%M% can give correct description only if such interference effects are either absent (short
phase-relaxation length) or carefully eliminated (averaging measurements over a wavelength or using

“directional couplers”) to couple the probes so that they see only +k or —k states.

L1 ]

incident

reflection
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2.4 What does a voltage prob measure

Conclusion Adding contacts to the system (even voltage probes) inevitably changes the system and results of
measurements involving other contacts. This is an example of the fact that in a quantum world any measurement

inevitably affects the objects being measured.

2.4.1 Biittiker formula

Biittiker formula:
(i) Treat current and voltage probes on an equal footing.

(ii) Completely bypass any questions regarding the internal states of the conductor.

Extend the two-terminal linear response formula

2e - 2e - -
I'= ET[/M — o] =1 = W(Tmlh — Tiop) (2.40)
to multi-terminal regime:
2e = -
I, = h Z Toptp — Tpak (24D
q

where T, , = T, and equivalently:

{Ip = Zq [quvp - quvq] (2.42)

_ 2e%F
qu_ h qu

“Sum rule” for G, current is zero when all V), are equal:
0=V [Gy —Gpl (2.43) _&P/v
q —
= Z Gop = Z Gy forvp (2.44) _§:
q q
I
=1,=) G,[V,-V] (2.45) /
7 -

4—/
=> GV, V] (246) ———__
q#p ﬁ

Reciprocity: (G|, g = [G,,]_p (To be proved). zq: Tw = Z:Tm
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2.4 What does a voltage prob measure

Potential V), at a voltage probe

I,=0=> G,lV,-V] (2.47)
q
G,V
v, = 24 Ora¥a (2.48)
Eq qu

Weighted average of all other terminal potentials. Weighting: G,
This formula gives us a way of understanding what a voltage probe measures when it is in contact with
a system that does not have a well-defined local thermodynamic equilibrium.
The shape and construction of the probes affects the measured potential through the transmission functions.
In a typical transports experiment, a current source is imposed, and the response voltages are measured. In the
theory, we usually calculate the transmission and so the conductance tensor, and then obtain the resistance tensor
by inversion [R] = [G] L.

2.4.2 Three-terminal device

It O,

—
1

Resistance: Ry, = %, R}, = ‘I/—,/, According to the Biittiker formula, we obtain:
L= GplV, = V] (2.49)
q#p
I = (Gip + Gi3)Vy — G1aVo — G13V3
Iy = (Gy1 + Ga3)Vy — Gy Vi — Go3 Vs (2.50)
13 = (G31 + G32)V3 - G31V1 - G32V2
equally
I Gy + Gy -Gy —Gy3 Vi
I | = -Gy Gor + Gog —Glg3 v, (2.51)
I3 —Gg =Gy Gy +G3/ \Vs

Certain constraints are associated with these systems:
. . . , 3
I. These equations are not independent, Kirchhoft’s law > - | I, = 0.

2. Only voltage differences matter, with a redundant voltage e.g. set V5 = 0.
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2.4 What does a voltage prob measure

Then
I G G -G V,
( 1) = ( 127Gy 12 ) ( 1) and I, =—I, — I, (2.52)
I, —Gyy Go1 + Gog Vs
-1
N (Vl> _ <R11 R12> <I1> [R] = <G12+G13 -Gy ) (2.53)
|2 Ry Ry I, —Gy Go1 + Gy
thus, the resistance can be determined:
\% V.
Ra = — = | -2 =R 2.54
3t = 7 [11 } o 21 (2.54)
%44 \%
R, =-— =|L =R 2.55
3t = v [1—2 } - 12 (2.55)

We only focus on the magnitudes there, and don’t care about the signs.

2.4.3 Four-terminal device

4 4
| ©
T
I G+ Gi3+Guy -Gy —Gy3 —Gy Vi
| _ —Gyy Goy + Gag + Goy —Gas —Gay Va (2.56)
I3 -Gy —Giay Gy + G3y + Gy -Gy Vs
I -Gy —Gyp —Gy3 Gy +Gua+ Gy Vy
Set V, = 0, also we have I, = —I; — I, — I;, We subsequently focus exclusively on this segment of the
aforementioned equation:
I G+ Gi3+Guy -Gy —Gy3 Vi
I | = —Gy Goy 4 Goz + Goy —Gys Va (2.57)
I3 =Gy —Giay Gs1+Gsp +Gay/ \V3
Inverting the conductance matrix yields the resistance matrix:
Vi Ry, Ry Ry3 I
Vs Ry, Rs, Ry3 Iy
|4 V, =V
R4t == 7 = |:213:| - R21 - R31 (259)
1 I,=I3=0
Vv’ V
Ry =— = [1] =Ry — Ry (2.60)
I I I,=1,=0,I,=—1I,
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2.4 What does a voltage prob measure

2.4.4 Nonlocal Transport (two typical examples above)

@@Jm
" Tl

Two implications: (i) Mesoscopic transport lacks of local picture, i.e. conducting loses its meaning (ii) Non-

local measurement: Multiple probes and terminals. Both voltage probes and current probes should be specified
to define the measurement.
Example 2.1 Quantum Hall effect (macroscopic scale, chiral edge states Hall bridge, filling factor v = 2, long

®
coherence length)
G, ¢=1 2 3 4 5 6
p=1 0 o 0 0 0 G,
2 G, 0 0o 0 0 O
3 0 G, 0 0 0 O (2.61)
4 0 0 G. 0 0 0
5 0 0 0 G. 0 0
6 0 0o 0 0 G, O

where G, = %M (M = 2whenv = 2), and it should be multiplied by % in the case of spin polarization. We

only count direct connections! Contact 4 is assumed grounded V, = 0, and [, = 3° G, [V, — V], s0

I G. 0 0 o0 -G\ W
I, -G, G, 0 0 0 v,
L=l 0 -G, G. 0 0 v, (2.62)
I o 0 0 G, 0 Vs
I o 0 0 -G, G,) \Vy
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2.4 What does a voltage prob measure

Electron do not change the chemical potential during propagation: (i) Incident electrons possess the
same distributions of the contacts. (ii) voltage probes have zero current, meaning the incident and outgoing
electrons for the voltage probe have also the same distribution.

All voltage terminals have zero current:

L=, =I=1=0 (2.63)

thus we obtain:
Vi=Vo,=V; Vo=Vs=0 (2.64)
I, =GV, I, =—-1 (2.65)

Longitudinal resistance R; measured between 2 and 3, or between 5 and 6 is zero (Explains why DOS= 0 is

the bulk corresponds to minimal resistance):

V,—-V. Ve — V.
R, =-2_3=-26_75_0 (Dissipationless!) (2.60)
Hall resistance R;; measured between 2 and 6, or between 3 and 5 is quantized:
V, -V, Ve, —V. Vi
Ry=-2_-6-283_75_"1_@g (Quantized!) (2.67)
I I L

The longitudinal voltage drop V;, as measured by two voltage probes

located anywhere on the same side of the sample is zero. The transverse Vi=

(Hall) voltage V;; measured by two probes located anywhere on opposite

1907 Hr
sides of the sample is equal to the applied voltage:

Vz:llffz

This is the only when ), 1y lie in the gap between Landau levels. If

1 close to Landau levels, backscattering takes place through the bulk states, |
4]

Edge state in equilibrium with p;
A two-terminal resistance measurement would yield the Hall resis- and p R

which gives rise to dissipasions and finite resistance.

tance. Only a four-terminal measurement with voltage probes located on
the same side of the sample yields zero resistance.
In this scenario, measuring Hall resistance is equivalent to a two terminal Longitudinal resistance measure-
ment of Fig.1, the remarkable accuracy on the order of 10719,
The net current is carried by the edge states does not mean that there is no spatial current distribution
is the bulk.

-
—

Exercise 2.1 (E.4.1, page 194) Consider a slightly simplified form of the structure shown in Fig. 4.2.2, as
shown in Fig. E.4.
(a) Write down the conductance matrix for this structure assuming that there is no communication be-

tween edge states as they propagate from the constriction to terminal 3.
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2.4 What does a voltage prob measure

(b) Use the Biittiker formula (Eq. (2.5.8)) to show that the Hall resistance is given by
Vo—=Vs h 1
I 22M1—p

RH:

as reasoned in the text.

Exercise 2.2 (E.4.2, page 194) Consider the same structure as in E.4.1 but with an extra terminal ‘5’
inserted, as shown in Fig. E.4.2.
Write down the conductance matrix for this structure and show that the Hall resistance is now given
by
V, =V h
Fu= =7 =50
The extra terminal establishes equilibrium between the edge states and changes the Hall resistance. This is

a rather surprising result which has been ovserved experimentally. In macroscopic conductors, we do not

expexted an extra floating probe (‘5°) to affect the measurement.

Example 2.2 QPC in Quantum Hall, effect of backscattering

©

The total number of channels is denoted by M, with N (< M) channels facilitating complete transmission.

Consequently, M — N channels are characterized by complete backscattering.

2¢?
L =2-NV; (= eV, pp = eV = 0) (2.69)
2¢2 N 2¢? N
I, =—MV,—=—MV,(1—- =1—— 2.70
1 A 17 A (I=p) p Vi ( )
Lo = py, = eVy, ps = 0 equilibrium with the incident contacts (2.71)

The contact 6 sees M — N channels originating from the left and having a potential ;1;, and N channels

originating from the right and having a potential ;.. Using the formula for a floating terminal p:

Zq#p Gpav,
v, = : (2.72)
Zq#p pq
M—N)u, +N
o g = )A“j PR — eVip @.73)
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Similarly for contact 3

3= Vi =eVi(1—p)
V, =V
~ R =2 3
L I,
Vi-vid—-p) W h { p }
I, 1 2e2M [1—p
h 1 h M h 1 1
sty [ ] - e[ - -
2e2 M 1—p 2¢2M | N 2e2 [N M
Such fractional quantized longitudinal resistance has been observed.
At the same time, the Hall resistance Rj; is unchanged:
R, — Vo—Vs _ Vil —p) _ h _ Vis—Vs
= I, I, 2e2 M I,
The above results can be obtained directly by the Biittiker formula.
G,, a=1 2 3 4 5 6
p=1 0 0 0 0 0 G,=2M
2 G, 0 0 O 0 0
3 0 (1-p)G. 0 0 pG., 0
4 0 0 G, O 0 0
5 0 0 0 G, 0 0
6 0 PG, 0 0 (1-paG, 0
We setting V, = 0, using [,, = Zq qu[Vp - Vq]:
Il GC O 0 0 _GC Vl
I, -G, G, 0 0 0 V,
I3 = 0 _(1 - p>Gc Gc _ch 0 ‘/3
I 0 0 0 G, 0 Vs
IG 0 _ch 0 _(1 _p>Gc GC VG
and
(1= p)G.V, + G Vy =0
= PGV + G V=0
L =GV = V) =G.(1-p)V;
SO

Va=(1-p)Vo=(1-p)V;

Ve =pVo =pV)

RL:V2_V3 V-V _
II Il

RH:VQ*Vf;:Ver) _
Il Il

Example 2.3 Helical edge states in QSH (2D TI)

Conductance measure: No different between A & B, conductance G =

2e2

-

How to distinguish Quantum Hall edge state and helical edge state?
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2.4 What does a voltage prob measure

-

4

<

G,, q=1 2 3 ]

p=1 0 G, G.=5%
G. O G,
G. G 0

considering V3 = O and I3 = —I; — I,:

probe 2 is a voltage probe:

Il _ 2GC _GC Vl
IZ a _Gc 2Gc ‘/2

-
L=0=V, =2V, =V, =

= Il = 2GCV1 - Gc‘/Q = ch‘/l

I, 3
G=-1L==¢@
TE Ty, T e

2.87)

(2.88)

(2.89)
(2.90)

(2.91)

Remark The Landauer-Biittiker formula is really successful in interpreting edge transport. In these cases, the

scattering between different leads is really simple. In general quantum transport problems. However, the scat-

tering itself is the main task to solve.

2.4.5 Reciprocity

=y 5
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2.4 What does a voltage prob measure

B) = —B
Onsager relation {Pm( ) = Paa(=D)

(1) Symmetric

(2) Anti-symmetric

@ Does the symmetric equation of the Onsager relation imply that R,,(B) = R,,(—B)?

R,, is neither symmetric nor antisymmetric. (i) Current flow on a mesoscopic scale is very irregular

due to random scattering and not directed along x or y even in rectangular conductor. R, is some average of
Pug and pg,. (ii) The same phenomenon is large conductors with irregular shapes.

Reverse magnetic field, reverse the current and voltage probes, we will prove that for 3-terminal and 4-
terminal, R4, (B) = R4, (—B) and Ry, (B) = Ry, (—B):

Il Vl
I,=> G,lV,~-V,] < I=GV < =| G : (2.92)
! IN VN
. —Gpq
G=[R"'=

Zqaép GP‘I

(2.93)
so[Gl,, = Zq 4 G,," is the diagonal element, and [é]

pqg = —G,, is the off-diagonal element. We demonstrate
this relationship through a two-step process, focusing first on the off-diagonal elements and then on the diagonal
elements:

(1) Off-diagonal elements: [R™'], = —G

Pq’
This can be directly demonstrated using the reciprocity of the conductance coefficient:

[qu] B — [qu] —B

(2.94)
= R, = [R',7° (2.95)
(2) Diagonal elements
{ZQ[GM]B . Zq[qu]B ) zq[GMLB = [Rfl]fp = Z[qu]B = Z[quLB = [Ril];f
[Gpp]B = [Gpp]—B q#p q#p
(2.96)
Using Eq. (2.95) and (2.96), we deduce that:
(R p 2.97)
= [R]p (2.98)

©

'G pq fepresents the conductance coeflicients, indicating scattering probability, whereas G refers to the conductance matrix.

I
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2.5 Non-zero temperature and bias

o 3-Terminal case: R4, (B) = Ry (B) = R5,(—B) = R5(—B)
o 4-Terminal case: Ry, (B) = Ry, (B) — R3;(B) = Rj;(—B) = R15(—B) — Ry5(—B)

The correct prediction of the reciprocity properties observed experimentally in 4-Terminal mesoscopic

structures was the first important application of the Biittiker formula. Many interesting phenomena are all related
to the non-intuitive behavior of mesoscopic voltage probes. They require us to view the probes as extensions of

the waveguide itself and calculate the resistance of the composite probe-device configuration.

Exercise 2.3 (E.2.3, page 113) Consider a cross junction as shown in Fig. E.1. Assuming that the four
ports are completely symmetric, we can define a coeflicient for forward transmission, one for right turning
and for left turning as follows:
T13 = T31 = T42 = T24 =Tr
T21 = T31 = T43 = T14 =Tg
T41 = T12 = Tza = T34 =17
We have reproduced the measured values of T, I, and T', as a function of the magnetic field from Phys.
Rev. B, 46, 9653-4 (1992). See this reference for a description of how the transmission functions are
measured.
(a) Suppose we measure the Hall resistance Ry by running a current from 1 to 3 and measuring the
voltage between 2 and 4. Show that
R, — h TZ —T?
22 (Tp + Tp)TA+TF + 2Tp(Tp + Tr + T1)]
(b) Use the data provided above to calculate Ry; vs. B numerically from the relation derived in part (a).

Exercise 2.4 (E.2.4, page 114) We would expect the conductance of two apertures in series to be half that
of a single aperture: G = M (2¢?/h) x 0.5. But if the two apertures are sufficiently close together then the
electrons emerging from one aperture do not have the chance to spread out before they reach the second
aperture. Consequently the conductance is the same as that of a single aperture: G = M (2¢?/h). But if
we turn on a magnetic field then the electrons get deflected and the conductance is reduced (see A. A. M.
Staring et al. (1990), Phys. Rev. B, 41, 8461). Use the Biittiker formula to show that the conductance is
given by (see C. W. J. Beenakker and H. van Houten (1989), Phys. Rev. B, 39, 10445)

(Tp —Tp)?

—(e2/h) | M+T
G=(/h) Tt o T T,

where
Tls = T31 =Tp
T42 = T24 =Tp
T21 = T32 = T43 = T14 =Ty
T41 = T12 = T23 = T34 =17

2.5 Non-zero temperature and bias

Previously, for the derivation of Landauer formula we assume: (1) zero temperature, (2) Energy-independent
transmission probability. In general, we concentrate on the energy range: p,+(a few kgT)> E > p,—(a few

kgT). Injection from both contacts:
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2.5 Non-zero temperature and bias

T
—
U1 lead 1 X lead 2 Uo
)
T
i i 0r
iy - = —
\ finite 7
< <—
l1 L
0 1 faE) 0 1 f£B)

Influx per unit energy from lead 1: i{ (E) = (2¢/h)M f,(E), where M is the number of transverse modes,

f; is the Fermi distribution of lead 1. Influx per unit energy from lead 2: i5 (E) = (2¢/h)M’ f5(E), where

M may denote different transverse modes, f, is another Fermi distribution. Outflux from lead 2: ij (E) =

Ti{ (E) + (1 — T")i5 (E), where T is the average transmission probability. Outflux from lead 1: i (E) =

(1—=T)i{ (E) + T"i5 (F). The net current i(F') flowing at any point (left or right lead):
i(E) =if —iy =iy —iy = Ti{ (E) = T'i5 (E)

% 9% (2.99)
= ZM(BYT(B) f,(E) — M/ (BYT'(B)fy(E)] = 2 [T(B)fy(E) — T/ (E) o(E)]
where T(E) = M(E)T(E) = Y0 T, (E).
M \\\\\\///// \\\\/\//// M
lead 1 lead 2

Total current: 5

1= [ipae =5 [EEHE -TEhE)E (2.100)
fT(E) = T'(E) =

1=2 [T(®)[,(B) - fo(B)aB @.101)

[Note: (1) i(E) = 0 when f; = f, = T(E) = T’(E). This holds only at equilibrium. (2) No inelastic
scattering, T (E) = T’ (E) always holds for two-terminal device even with magnetic field.]

How about quantum hall and quantum spin hall?

2.5.1 linear response
I « V, the current is proportional to small bias voltage. Small deviation from equilibrium by voltage bias:
O = pq — o Starting with equilibrium p; = uz and then apply a bias, p; = py + dp,

1= 25 [ TBIAE) - HEWE =T [(TEL1 - £)+ 1 - LLITENE @0



2.5 Non-zero temperature and bias

The equilibrium condition is [f; — fs]., = 0, and §[f; — f5] =~ [%} op = (—%) o, where we have used

Opy eq
0,=—0g fo= fo(E ) = SplE= u21) eI ’ufu' Linear response: differential conductance equals the con-
ductance. G = 66 = fT [ ag’iﬁp] dE. For low temperature, f,(E) ~ (Ep — E) = — 8%;3@

S(Ep.—E)=G= 2g T(EF)

2.5.2 When is the response linear?

Condition for Taylor expansion: 6; << kg7, since the typical energy scale at which f, varies is ~ k5T
(Sufficient condition, not necessary condition. Otherwise, no linear response at zero temperature.)

Relaxed condition for temperature-independent linear response: T'(E) ~constant over the energy range of
transport, and unaffected by the bias. For low temperature, or relatively high temperatures, as long as k51" <
[i1, fig, We have I = 2¢T(Ep)dp.

E
kgT u
o I
AS =y — iy
0 1 f
2.5.3 General criterion for linear response
2e _ 2e — 1 1
=5 T(E)[f, — f,)dE == /Oo T(E) [e(E—ul)/kBT g R e dE (2.103)

2] d 1 , Mo d 1 ,
f1<E)—f2(E):/M i JEE T 114 :/M ~AE B T (2104

Define

d 1 1 E
F E = —— — h2 s .

where we have used (

’_ 1 _ 1 2
6”1) = G = gsech”z. Thus

1(E) — fo(E >—/2FT<E—E'>dE'

K2
=1 = / dE/ Fr(E—E')dE’ (2.106)

1 2e? [ , P DY L PO ,
231 H1

where we define % S T@)FT(E — E')dFE as G(E’). Linear response occurs when G(E”) is independent of
E’ € [y, o], then I = G(Ep )=tz

e

Qe =2 [ T(E) (B - B

d 1

5 002 of (2.107)
o (& — o (& 0
_ h/T(E) [_EB<E7EF>MBT+ 1] ar =2 /T(E)[—BE]dE
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2.5 Non-zero temperature and bias

which is in agreement with obtained by linear expansion.

Physical regime (1): sharp resonant structures of T'(E). Low temperature, long T4 = strong quantum
interference. For a diffusive conductor, the correlation energy ¢, =~ f—;. For 7, = 100ps, €, — 0.006meV.

T(E) c

This can be understood as follows. Consider double barrier resonance with perfect coherence: 7, = oo.

2k-L=2nm,n=12,.,Ak=7,Ac= %Ak = hpAk = hvgp - T ~ %,T = i is the time spent within
the barrier.

Fro - I AE

T(E)

For diffusive conductors, there are many long interference trajectories. Many of them are longer than co-
herence length, or L, > L, < 7 > 7,. For these trajectories, decoherence takes place, reduces to classical
behavior. For those trajectories with L, < L, < 7 < T, strong interference occurs, then for them, the pic-
ture is similar to the double barrier resonance, with L replaced by L, ~ L, = 7 = 7, = %‘f = g, %.

Now re-examine: G| (E") = % | T(E)Fp(E—E’)dE. Fr smears out sharp structures in scale of k57> ¢,).

keeping only the fluctuations in larger scales, k57" is the relevant energy scale. 7' = 0.1k, k57" ~ 0.01meV.
In this case, linear response condition changes into: @ << k1. (For true zero-temperature, such smearing does
not exist, then we need p < ¢, to achieve linear response. Not the usual case.) In mesoscopic experiments the
bias is always kept smaller than k571" to ensure linear response.

Physical regime (2): smooth T'(E) with large correlation energy .. f(F) has small effect, and the
relevant energy is €.. Condition for linear response: Apy < ¢..

Combining (1) and (2) = general criterion for linear response: Ay < kg1 + €.

For high bias, T(E) = T(E, i1, jt). For small bias, T(E) — T (E, ji; =~ iy =~ Ep)
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2.6 Exclusion principle?

2.5.4 Multi-terminal conductors

Current is in any terminal (labeled by p) is contributed by both the incident and outgoing electrons. I, =
i i,(E)dE,
2e — —

(B) = 2 ST (BN (E) ~ Ty (B) (BN = o0 ST (B (B) ~ Ty BV (E)] (2.108)

q#p

T,,(E): total transmission from terminal ¢ to p at E, f,(E) is the Fermi-Dirac function in p. No current at

equilibrium =i, = 0

= ST (B) = YT (B) = iy(B) = 2 ST (B)y(B) — f,(B)] (2.109)

Far away from equilibrium, this relation is true only if no inelastic scattering exists.

Linear expansion:

G2 =" [T (B)f,(E) - f(ENE =~ / T, (E)Fp(E — Eyp)dE

_ 0 ~
:/qu(E)< 6£;)>dE:qu(EF):G =1 2/ G, (E)dE ~ Zc;pqv V)]
(2.110)

which is the Biittiker formula.

What is Ep? Ep = p,7 % (1y + p1y)?

Not important in the linear response regime since @;,q(E’) is independent of E’ for E” ~ {u,,}. Only
the chemical potential difference Ay = i, — p1, matters. For low temperatures and large correlation energy
Ec >y — g @;q = %qu(EF). Floating voltage probe: I,, = 0 rather than i, = 0, I, = [i,(E)dE =0
to solve p,,.

For multi-terminal conductors, this kind of method is really hard to apply. Any voltage probe one
should use /,, = 0 as a constraint, in an indirect way. All the work on multi-terminal conductors is based on the
linear response formula (Buttiker Formula). The V), is an explicit parameter, which is not solved in a consistent

way.

2.6 Exclusion principle?

Whether we should modify the current expression
2e

iy(B) = > [T, (E) =T, f,(E)] (2.111)
to account for the exclusion principle’:
i,(E) = 2{ [Ty fp(E)A = fo) = Tpufo(E)(1 = f,)]  (Wrong!) (2.112)
The difference of above twoqequation:
72 =Tl 1, @.113)

It is zero if T = T . From the example of QH edge states, we have learnt that T 75 this is the general

pg’
case.

2This is what we do in the Fermi’s golden rule.
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2.6 Exclusion principle?

Two-terminal without inelastic scattering, qu = qu. The distinction is not appreciated before Biittiker’s
work on multi-terminal devices.
In the linear response regime, the Biittiker formula is the natural solution. Then why we care about
whether Eq (2.111) or Eq (2.112) is correct?
G, is obtained by linearizing Eq (2.111) if we use Eq (2.112). the valve of G, is different.
If transport is coherent across the conductor, so that we can define a single wavefunction extending from
one lead to another, then Eq (2.111) is the correct expression for the current. Otherwise, the transport is not
coherent, and then neither Eq (2.111) nor Eq (2.112) is correct.

2.6.1 Scattering states

The concern of exclusion principle: transitions between localized eigenstate in different leads

Lead 1 Lead 2
T —> <2 o/_\c::.
p q
T
T3 |Lead3
fp(1=1g)
Ip, k) = sin(kx,) — |q, k) =sin(k'z,) Standing waves (2.114)

The view is accurate when leads are weakly coupled to the conductor. In contrast, with stronger couplings,
the lead eigenstates transform into scattering states. We should view the scattering states as whole, which are

nonlocal and carry current. We are now talking about the occupation of these scattering states.

1,k 2,k 3,k

| | l

Wave function in lead p due to scattering state (g, k)

P, (q) = 0,0X; ()€™ ™ + 81 x, (y,)e™ ™ (2.115)

The first term represents the incident component, whereas the second term corresponds to the outgoing compo-

nent, where S, denotes the scattering amplitude.

A scattering state (g, k), if occupied, give rise to a current i,,(q) per unit energy in lead p.

2e

i,(q) = ﬁ(dl)q -T.,) (Note T,,

ba not T,,) (2.116)

q?
Extending from a single transverse mode to multiple modes is a straightforward process.
The occupation of the scattering state (g, k) is determined by the occupation of the incident channel.

Total current: [, = fzq fo(BE)iy(q)dE

Using equilibrium statistical mechanics to treat a non-equilibrium problem. Each eigenstate remains
in equilibrium, but with a different reservoir, whose rule is the incident obeying the statistics of the relevant

reservoir.

55



2.6 Exclusion principle?

/\ Scattering states

— N\
/Ne——

Picture of scattering state

Ipzf/zq:fq(E)((s T,,)dE = — /f Z (2.117)

2
= f [f,(1=T,,) — ;qufq]dE (2.118)
qFp

where 1 — T, , indicates that transmission from p — ¢ # p is the incident minus reflected. Using sum rule:

Z T,y = Z T,=1 (current conservation, prove later, similar to Z G Z G ) (2.119)
q q

we derived that

D Thglfy — / > Ty JJdE (2.120)

qFp
The summation over g # p signifies that only contain transmission between different leads.

Multiple modes in each lead, replace qu — Tp ¢
=>>'7,, (2.121)
mep neq
For the scattering, each mode (m, n) can be thought of as independent terminals. For the occupation, m € p,
n € q is different leads are different. This is the reason why we should specify which mode belonging to which

lead, to define its distribution.

Whether the scattering states are orthogonal and complete?

W

Yes! To be proved later by scattering matrix theory.

2.6.2 Scattering states with non-zero magnetic field

Magnetic field destroys translational symmetry of the leads. How can we express the scattering

states as plane waves again?
Using Landau gauge A= —Z By, T is the direction along the lead.

How should we handle the case where different leads have their own T directions??

W

Choose gauge A~ z,By, in every lead q.

Lead 1

Lead 2

Lead 3
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2.6 Exclusion principle?

It must impose restrictions on the gauge in the scattering region.

2.6.3 Different transverse modes, independent contribution to current

The transverse modes X;jf for the incident/scattering states may be different, e.g. in the presence of magnetic
field, or SOC, etc. We begin with the definition of current:

7 -~ * * (2 € 7\ * * (T € *T7
T = elp(o0)" + v (50)] = 5 [ + 6" (19)] = Re[ Sy Tly) (2.122)
where II = D— eA is the kinetic momentum, and p = —ihV is the canonical momentum.
The current flows in the Z direction:
e
I= [ 1wy = 5 [ W0Ne, = ADBOT + 00 (p, — A0 dy 2.123)
The incident wave: ¢, = \%XJF (y)e™*'*, where the x* (y) assume to be real. Thus, the current can be expressed
as®:
e
L= 5 [ @k — e W)l dy @.124)

Scattered (outgoing) wave i, = s’\% X~ (y)e "% from which the current is expressed as:

I, = /26/ ~(hk~ — eA,)x]d 2.125
=P [ I eA,)x | dy (2.125)
The current should not be calculated separately, since the wavefunction is a superposition of both.
b =X (9)er T + 8 X (y)et (2.126)
There are additional cross terms like
e 1 St o , Lk
Leross = 5T { / X (9)e™ T [(hk™ — eAy)s g (y)e™ 7] dy (2.127)
+ / ' X ()e® (kT —eA)] X (y)e'™ *dy (2.128)
+ / X (e (k™ — eAy)s x5 (y)e'™ 7] dy (2.129)
+ [ X ek eA)] X ) dy 2.130)

1 . B X * . —
_ %f [s/e“"‘ —k*)z / X[h(kT + k™) —2eA,]x dy + s'elk ke /X*[ﬁ(/’€+ +hT) —2ed,]xdy

(2.131)
Therefore, I = I, — I, with I, I, calculated separated by 1);, 1,.

£

9

Exercise 2.5 Calculate the current of the four sections as shown in Fig. E.1.

L PP -

i =
H

gl

Hg

L

3have not sum over k



2.6 Exclusion principle?

Solution
G, a=1 2 3 4 5 6
p=1 0 0 0 0 0 G.=%M
2 G, 0 0 0 0 0
3 0 (1-pG. 0 0  pG, 0 (-.152)
40 0 G, 0 0 0
5 0 0 0 G, 0 0
6 0 G, 0 0 (1-pdGaG, 0
We set Vy = 0, using I, = >° G, [V, = V]
1, G, 0 0 0 -G\ (V1
I, el G. 0 0 0 V2
L= 0o -a-pe. 6. e 0 ||V (21339
I 0 0 0 G, 0 Vs
I, 0 —-pG. 0 —(1-p)G. G./) \V

and
(1= )G,V + G,V =0

= GV, +G,Vy =0 (2.134)
I =G.(V; = Vg) =G.(1-p)V;

P)Gc f P G' 1

V2:V1av5:0

(2.135)

This can also be argued as follows:

b

Exercise 2.6 (E.2.6, page 115) Show that the following orthogonality relation
h(k+ K
/ [Xm,k <<2> =+ GB?J) Xn,k/:| dy = 0y

where the two functions ., (y) and x,, ;- (y) satisfy

(hk +eBy)®>  p3

B+ PP 1 2 ) | xons9) = Exa9)
hk + eBy)? %

E, + <2n7,> + ﬁ +U(y) Xn,k’(y> = EXn,k’ ()

which are appropriately normalized.

2.6.4 Non-coherent transport
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2.6 Exclusion principle?

Phenomenological approach: virtual voltage probe as a phase-breaking scatterer.

Scattering between lead 1-3 is coherent. Net current flows between
lead 1 & 2, because I; = 0. Focusing on conductor and lead 1, 2, the
system is an effectively open system, leading to decoherence. Physically,
the electron transmitted into lead 3 and the electron the escape are not the
same electron, thereby having no phase coherence. The virtual voltage can

be used to simulate the decoherence effect.
2 _ %2¢e _
= S T (B B) — (B)] + T (B) () — £, (E)
q

(2.136)

T_\ﬂ‘oating probe
0

'3

incoherent

F———>

2

coherent

@ are not the same electrons

The first term represents the real terminals, while the second term corresponds to the virtual probe. For the

fictitious probe

= S T (B (B) — £,(B)
1) = (i + ST ) 12,

where R Zq g+ Inserting f,(E) into i,,(E):

2‘p: Z o+ hTW

where Teff T —|— W *"q

Ap

Tp@ .
_7150
ch
T
) fq _ ﬂ%
Rso

Floating probe: I, = f i,(E)dE = 0, noti,(E) = 0. In general, decoherence

process include inelastic scattermg such that electrons are scattered in and out accom-

panied by energy changes.

Non-zero i, (FE) is referred to as “vertical flow”. Energy non-conserved, incoher-

ent, one should involve exclusion principle. Calculating vertical current needs detailed

microscopic theory, beyond the scope of the course.

in

out

(2.137)

(2.138)

(2.139)

(2.140)

(2.141)

(2.142)

(2.143)

Complexity: exclusion principle not by (1 — f) factor.

fo(E) = fo(r,1", E)

Drastic assumption: i ,(E) = 0, neglecting vertical flow, which actually works well.

(2.144)

whether decoherence remains when Z'w =0’
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2.7 When can we use the Landauer-Biittiker formalism

g% Yes, even for a fixed energy energy, the inflow and outflow electrons in the
virtual probe are different. Some flow to infinity and some are from infinity. Note that the

virtual probe is not a part of the scattering region, which extends to infinity.

2.7 When can we use the Landauer-Biittiker formalism

A5 Tpy
ZTW [f,— £l — —z¢ (2.145)
Ry
L>»1,

—— lateral flow

—— wvertical flow
—
— U

X

One can imagine this picture by the virtual probe, but that is not necessary. The ver-
tical flow is essentially the current non-conservation for the scattering channel of a given
energy. Assumption: zero net vertical flow, only phase-breaking, no energy relaxation. Electrons still stay in
the same channel, thus there is no Pauli blocking. Landau-Buttiker formula can be used, with the transmission
without coherence.
The momentum relaxation and phase breaking dominate mesoscopic transport. For systems with energy re-
laxation or finite vertical flow, the main effects that determine the resistance are still momentum and phase

relaxation. Energy relaxation has no significant impact on the resistance.

2.7.1 Uniform transmission

T(FE) is independent of energy for j1,—(a few k5T) <E< p,+(afew kzT). Vertical

flow has no effect on the resistance, Since all energy channels conduct equally well.

Zqu A ——z¢ (2.146)

2 e T,
IpZ/ ’p 6/ZTp§ff fq dE—%/z‘d,(E)dE (2.147)

where the second term is zero (True only for net current, not the energy distribution of current). The heat dissi-
pated ~ [ Ei ¢ E)dFE where the vertical flow cannot be neglected.
Summarize: The criterion for neglecting i, (E) is calculating R is (p; — pp)+(a few kpT)<< ¢, (correlation

energy over which transmission is uniform). Recall regime of linear response: (py — iy) < kg1 + €., we
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2.7 When can we use the Landauer-Biittiker formalism

conclude that zero temperature linear response belongs to the current regime.

2.7.2 Non-uniform transmission

off »on == significant increase in current

Ep Ep
—
o——X O >IN photon assisted
E, E4
X X

high enough temperature

Analogy with 2D flow

small increase in current

E T=1
—
kpT 1 fﬂl—f _p.z_l: T _— — — —>
B —>
Jﬂﬁ N
x
e —

X

Transport of electrons over a potential barrier.

when inelastic processes exist, LB formalism should be used with caution when
the transmission functions vary widely over the energy range of transport. In this regime,
decoherence occurs, with L > [,. In samples with L < [, no inelastic scattering occurs, LB is widely
used even if T(E) varies strongly. When the response is not linear, we can still use I = [i(E)dE,i(E) =

2T(E)[f,(E) — f,(E)] for 2-terminal derive. We can define the differential conductance G 4; sp(E) = g—{/.

Exercise 2.7 (E.2.5, page 115) Coherent inelastic transport. In this book we will gener-
ally restrict ourselves to steady-state transport in the presence of a d.c. bias. However, it
is interesting to note that if an alternating field is present within the conductor (but not inside the contacts)
then we can define scattering states just like those in Eq. (2.6.3) but with different energies all coupled
together. A scattering state (¢, F') now consists of an incident wave with energy E in lead ¢, together with

scattered waves with energy (E,, = E + nhw, n being an integer) in every lead p (cf. Eq. (2.6.3)):
U, (q) = b, exp[+ikx,] exp[—iEt/h] + Y _ s,,(E,, E) exp[—ik,x,] exp[—iE,t/h]

p,n
Proceeding as before derive the following expression for the d.c. current:
2e
L="5 | | f,(E) - > T,,(E,.E)f,E)| dE
q,n

The point is that there is no reason to include any exclusion principle-related factors in the expression for
the current even if transport is inelastic, as long as it is coherent. But if there are phase-breaking processes

within the conductor then we cannot define coherent scattering states that extend from one lead to another
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2.7 When can we use the Landauer-Biittiker formalism

and the scattering state argument cannot be used.

Exercise 2.8 (E.2.7, page 116) Starting from the current expression

1= [ T(B)[},(B) - L(BJAE  (seeBq. @5.1)

derive the result stated in Eqgs. (2.5.4)-(2.5.6) (see P. F. Bagwell and T. P. Orlando (1989), Phys. Rev. B,
40, 1456).
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Chapter 3 Scattering Approach

3.1 Transmission function and the S-matrix

The LB method expresses the current in terms of the transmission function. For coherent conductors, the
transmission functions are obtained by the scattering matrix (S-matrix).

A coherent conductor can be characterized at each energy by an S-matrix that relates the outgoing wave
amplitude to the incoming wave amplitudes in all leads.

by S11 Sz Sis aq
bs S31 Sz Sz ag
where b, represents the amplitude of the outgoing wave, while a,; represents the amplitude of the incident wave.
a
as
b, <— Coherent —_—
a
—>" Conductor -—
- by
b2 \ /
Contact Lead (2 mode) Lead (1 mode) Contact
For a given energy F, the number of modes at lead p is denoted by
M, (E), which is a function of £, then the total number of modes is given 5, \\\\ / / / /

by M, (E) = Zp M,(E). Thus, the dimensions of S-matrix is given by

My x My, in general, it contains two labels, p, n, meaning channel n is E:

lead p.
The incoming and outgoing channels should have the same number.

Transmission probability:

2
pn,gm pn<—qm pn,qm‘ ? pn,gm pn<—qm (3'2)
where gm represents the mode m in lead ¢, and pn represents the mode n in lead p. Thus the transmission
function between different leads is given by:

TPQ = Z Z Tpn,qm (33)

meq nep
Calculate the S-matrix in is the main task for the transport problem of a coherent conductor. We first
analyze the properties of S-matrix with its general form.

A general incoming state, superposition of different incident modes

W =" ag, v (3.4)
qm
Similarly, the outgoing state is
W = 0,0 33)
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3.1 Transmission function and the S-matrix

qgm S b,n

coherent conductor

scattering region

Lead 1

For a scattering problem, we aim to find the outgoing amplitudes {b,,,, } for the incoming amplitudes {a,, }-

Assume that only one channel injects electron (let’s assume lead 1, without loss of generality):
¢(zn (out Z - q1¢(out (3.6)

where S is the scattering amplitude. This corresponds to the typical example of scattering problem is

QM >>%le\’li)1w use the superposition principle for a general incident state /(") = qu qm¢qm , the outgoing
state is:

Vil = U = D o W = 3 a3 Sy it (3.7)

= Z byt (3.8)

Z prgmqm < {0} = [S]{a} (3.9)

where {a} = (ay,a,,...)T, and {b} = (b, b2, ...)T. These relations are general properties of S-matrix.

3.1.1 Unitarity: current conservation

Current conservation:

Z\aqu Zlbml2 = {a}{a} = {b}1{0} (3.10)

{aym» by, }: normalized current amplitudes = wave amplitudes X /v, /.- '

Substitute the S-matrix into Eq. (3.10):

{a'}H{a} = {a}T[S]"[S{a} (3.11)

1 0 0
= [S]T[S]=I=[S][ST]=|0 1 0 (3.12)
0 0
Slomam = 2 Sn.atSatiam = 2 Sat nSatam = SpaPn (3.13)
o Forp=gq,m=mn,} |Soél7qm|2 > ot Tot,qm = 1. The outgoing current equals the incident current

in ¢, m current conservation.

L d FOI‘p # q,orm 7& Zal pn,al al qm Zal al,pn al qm 0.

ICurrent conservation, rather than |amplitude|? conservation!
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1 Transmission function and the S-matrix

Zal Spn,alsénz,al’ thus Zal ‘Spn,al|2 Zal pn,al —

pq mn Zal pn,al al qm

Similarly, [SST],,,, o =
1.

3.1.2 Sum rules
Yo cq > ep Lpn.qm- Now we have using the unitarity of the S-matrix

Recall transmission function qu =

DT =D 3> Tonam = 2O Tongm) = D1 =M, (3.14)

q q MmeEgnep nep qm
DT =D 2 Tonam =D Q Tongm) =) _1=M (3.15)
p meqnep meq pn meq
therefore, we can derive the relation we previously used?:
(3.16)

Zqu(E) - Zqu(E) = M,(E)

Matrix of transmission function N x N, N leads, for N = 3

T,(E) q=1 2 3 SuM
p=I1 T11(E> T12(E> T13(E> M,
2 le(E) fzz(E) fzs(E) M,
3 T3 (E) Typ(E) Tss(E) M
SUM M, M, M,
Special case: 2-terminal =reciprocal (even with B)
T,,(E) q=1 2 SUM
p=1 1311(E> 1312(E> M,
2 ?21(E> TQQ(E> M,
3 Ty (E) Ty(E) M
SUM M, M,
Tu + T12 =M, = Tn + TQl = T21 = le (3.17)
Sum rule for conductance matrix
of 2¢2 af 2¢2
0 M ——E ~ = M,(Ep) (3.18)

2e?
ZG ZGPQ /Z Pq _7)dE:T p(E)( oE

q
In the linear response regime, the unitarity of the S-matrix ensures the sum rule for the conductance matrix

2Sum over one subscript, equals the number of modes in the lead labeled by the other subscript
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3.1 Tr

ansmission function and the S-matrix

3.1.3 Symmetry properties of S-matrix

@ S-matrix is determined by the dynamics of the system. The dynamics is governed by the Hamiltonian

of the system. If the system processes certain symmetry, mathematically,

this means certain constraint on the

Hamiltonian. Accordingly, it also imposes constraint on the dynamics of the system, or, the symmetry of the

Hamiltonian will be inherited by the dynamics and the S-matrix.

Here, we focus on two non-spatial symmetries, which do not rely on the crystalline symmetries and thus

can be widely applied.

3.1.3.1 Time-reversal symmetry

Time-reversal symmetry: H* = H = ST = S (spin degenerate case).

Schrodinger equation:

, 0U(t)
——=HU 1
ih 5 (t) (3.19)
Time reversal t — —t:
= — maqut—t) = HU(—t) (3.20)
(complex conjugate) iihw = H*U*(—t) = HU*(—t) (3.21)

ot

where H*W*(—t) = HWU*(—t) indicate the Time-reversal symmetry, we see W*(—t), W(t) satisfy the same

equation.

TR

out

This will impose nontrivial constraint on the S-matrix, because TR

outgoing states are each other’s TR-counterpart:

, E
P (1) = exp [ikx + %t]

E
o) (1) = exp [—ikx + %t]

We see that (%) (—¢)* = 1p(77)(¢)3,

L

operation switches the incoming and

Use ¢<°“t) (—t)* to express incoming state, ¢(m) (—t)* to express outgoing state:

= 2 g (1) = W (0) = (W 0) =3 ains
p(out) Z pn¢0m :>\Ijneqz;(>:[ out Zb L

3complex conjugate: k — —k, —t — t, which means the exchange of (in) <+ (out).
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3.1 Transmission function and the S-matrix

Here, TR symmetry is reflected in two aspects:

. TR-broken
(a) "™ (E), °“Y)(E) are TR partners and exchange roles in the scattering prob-
lem:
PUn) o lovt - La} 5 {b} (3.26)
(b) Schrodinger equation remains the same.
Note that the S-matrix is solved by SEQ + boundaries, meaning that
b} =[S|{a
{{ +=15le) . [S] =[] (3.27)
{a}* = [S{o}* = [S]{a}* = {b}* = {b} = [S]"{a}
This is for the spin degenerate case. For the spin dependent case, revision is needed.
In particular, for topological surface states with spin-momentum locking, the TRS requires [S] = —[S]T

4. With B reciprocity, [S]5 = [ST]_g.

This is equivalent to the TRS as we involve B in the H, and require B to be inverted under TR operation.

In particular
(ihV + eA)?
+

2, 5 tU@y¥py) = B¥p(ry), TR+A—-A (3.28)
hV + eA)?

3.1.3.2 Particle-hole symmetry (Superconductor-Hybridized system)

We need three steps: (i) PH symmetry of H ;. (ii) Its implication for the spectrum and states. (iii) PH

symmetry of S-matrix. (iv) BTK formula.

3.1.3.3 Bogoliubov-de Gennes (BdG) equation, or Nambu representation

When the system contains a superconductor, the U(1) gauge symmetry is broken. It is convenient to
interpret the system in the language of electron-hole, or using Bogoliubov-de Gennes Hamiltonian. The corre-
sponding spinor is called Nambu spinor. For a BCS Hamiltonian

Hpog = / dr {Z (V5 () Hoy o ()b (1)) + A(r)l ()] (r) + A*<r>w¢<r>w<r>} (3.30)

the normal part is generally expressed by

H=Hyp+Hy;+ Hg (3.31)
Hy = ;; + V(@) —p normal electron (3.32)
Hp=hvpop+ V(7)) — i Dirac electron (3.33)
H, = % gp BE& Zeeman splitting (3.34)
Hp=a0 xp-z  RashbaSOC (3.35)

where V (7) is the electric potential, p is the chemical potential, g is the Landé factor, and A is the pair potential.
BCS Hamiltonian is a many-body Hamiltonian, involving operators like /79T, 1¢). After mean-field ap-

proximation, the number of electrons is unconserved.

“Reference: Bardarso, Moore, Rep. Prog. phys 76, 056501 (2013)
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3.1 Transmission function and the S-matrix

A*
MF \v\,\,\/

A

By interpreting half of electrons as holes, the physical picture of e — e interaction is transferred into e — h
scattering, similar to e — e scattering’.
Particle-hole transformation: ¢, < 1!13;,1, annihilation of an electron with spin ¢ is equivalent to creation

of a hole with spin o.

A(z) A(z) V(z) M(z)
i : compare ! !
SN VE— S N— > S W Y W
e e e h e e et el
e — h scattering e —e scattering et — el scattering

Mathematically, this is equivalent to the “spin flipped” scattering

SACL ) = S ALY (r) (3.36)
= G AOBL0) = 5 AR, (r) (337
S DI () = S AL (1) () (338
o AR ) - S A () (339

In the e — h language, the e — h scattering is spin conserved (we assume spin-singlet pairing here) but charge

unconserved, consistent with the full electron language, ¢, w}LwI.

0

7 JRTNE)
& n \E
3 }_ Y, (-¢) 10>

energy € measured from g

In the Nambu space, A(r), A*(r) are off-diagonal parts. For the diagonal parts, we have H »;, H, for the

electron part. We also need to interpart half of electrons as holes, that is

1 1
VEH, b — §¢LHM,¢U, + 5@7 WH g, (3.40)

SPrice: double dimension of Hilbert space.
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3.1 Transmission function and the S-matrix

specifically, for normal electron
Z/drd)a JH (7 Z/d Wwh(r [ V(r) —u] W, (r) (3.41)
= ZU: / dr(r) [—2pm —V(r)+ ,u} b (r) + const (3.42)
= / di) (1) Hy (r)ig 1, (r) (3.43)

= H(r) = —Hy(r) (3.44)

Physical meaning, the entire Fermi sea with the absence of one electron with energy —e, spin T, mo-
mentum k, can be effectively described by a single hole with energy ¢, spin |, momentum —k, because the entire

Fermi sea has energy 0, spin 0. The particle-hole transformation is the same as that in semiconductor.

h
e=0 CT(kaE) Hcfh(_ka _5)
[
For the diagonal part, if the Hamiltonian is spin-dependent, then H" dose not differ for H by a minus sign.
For the Dirac fermion, or Rashba SOC, we have the following form:
/ A7l (1) Vi, (r) = / 71,/ (r) Vol (1) + Tonst = / 7o), (r) Vb (r) (3.45)
/ A7 b (r) WV / die=ibrel veik're,, (3.46)
Kk’
/d —ilh=kOr (k! )ckgck/ ) = Z Oppr 1k ckgck/ / (3.47)
Kk’ Kk’
= " Oik(—cprcl,) + ‘kaw, (3.48)
Kk’
= Zékk/(—ik)ck/gxc,ia /dre W=k (k) ey, /cko_ (3.49)
Kk’ kk/
/ A7 (Ve ihr)eik're,, el (3.50)
Kk’
= / d7 s (r) Vbl + const = / dr gl (P (r) (3.51)
As such, the full BdG Hamiltonian can be obtained.

Two commonly use Nambu representation:

Oy = (v, vl v, @y = (v, vl —ul) (3.52)

k-representation:

CI)If = (CkTv Crl» CikT’ CT,M% (1)12C = (CkTa Crl» Cikw Cim) (3.53)
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3.1 Transmission function and the S-matrix

The form of the BAG Hamiltonian depends on the representation, but the physical results should not.
1 H io, A 1| H A
2 | —io, A" —H* 2 |A* —THT!

where 1" = iok is the time-reversal operator.

Oy Hyyo = Oy Hpy = (3.54)

The BAG Hamiltonian interprets the system as half-electron, half-hole. Mathematically, such interpretation
impose constraint on the BAG Hamiltonian, termed as particle-hole symmetry. We have

@)T =78, (@) =0,7,2, (3.55)
where 7, is the Pauli matrices in Nambu space, and 7, , = 7, , ® 1. Substituting the above expression with

specific matrices yields:

00 1 0\ [ W 0 00 =1\ [ % Yl
000 1w ¥ 0 1 0 i
=1 ] =@)T =] 0 F | =@)T 3s56)
10 00 (O3 (I 10 0 Y, (8
010 0/ \¥ b, ~10 0 0 —f —thy
It can be proved that the BAG Hamiltonian satisfies the particle-hole symmetry.

{Ei Hpae} =0 (3.57)
£, = 7,K, 5y = 0,7, K, are the symmetry operators in the corresponding representation. Again, the
symmetry operations depend on representation. The particle-hole transformation operator is anti-unitary.

Proof of {E,, H} ;. } = 0 for representation @, drop subscript ¢ = 1:
Hpyo=0'HO = > @lH;0, = Z(%ﬂ)iﬂij(@m)j (3.58)
ij={o,7}
= ZZT% H®ri = ZTZkH TP, D (3.59)
i ijkl
= " rRH, i (6 — @] ®y) = > @ (—rFH 7w )@y + Y rRH, (3.60)
ijkl igkl ijk
= ol (—r/H iR, + ZTfJH]*Z i 4 ZT’WH A (3.61)
1jkl z]k zgk:
= Z@T T, H* ) @), + 2Tr[ (H+ H")7,] (3.62)
= T (—7,H*1,)® (3.63)
= O H® = & (—7, H*1,)® = H=—7,H7, =5, H=' = {E,,H; o} =0 (3.64)
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3.1 Transmission function and the S-matrix

0 1\ (H,+H; H,+H; 0 1
Tr[r,H* + H|7, = Tr i L (3.65)
(\1 0) \Hy +H; Hy+Hs) \1 0
— Ty Hy + H3y Hyy + Hyy 0 1 (3.66)
\Hu +H, Hp+Hjp) \1 0
e | (M H%:? o+ H%:l (3.67)
L H12+H12 H11+H11
= Hy, + Hjy + Hyy + Hj, (3.68)
—H+H —H*—H=0 (3.69)

The symmetry is expressed by the anti-commutation relation rather than the commutation such as the
time-reversal symmetry, 1", H] = 0.

Exercise 3.1 Prove that:

~kj __
GTJS -

Sy,

ijk

where 7, = 0, ® 7, and H g, is the BdG Hamiltonian in basis & =

(d}m QJZ)J,’ @4, ¢I>T:

1 H 1o, A
H = - y
BdG 9 (—inA* _H*>
Solution Note that 7, = 7' , then:
7 s I § FEH A+ G R

ijk zjk

1 ~
§Tf[ +(Hpac + Hpaq)T:)

1

§T 17,7 (Hpae + Hpac)

1
= 5 Tr[Hpag + Hpyq]

1
=5 [H—H +H —

H| =0

Exercise 3.2 At the interface between the normal metal and the superconductor, Andreev reflection may
occur. The BAG equation can be written as:
n2v?
i#d, (f) _ (— g — ) + V() A(x) f
g

A*(x) + () — V(D«")) (9)
where A(z) = 0(z)A and V (z)

= Ho(x). Solve the scatterlng coeflicient of this scattering problem.
Hint: use plane-wave ansatz:
f

_ pilkz—Et/h)
g

then solve the stationary eigenvalue equation and apply the boundary condition at x = 0.

h2V2

u (3.70)
v
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3.1 Transmission function and the S-matrix

Solution BdG equation:

oo (f —INE — () + V(2) A(z) f
1ho, = m . .
" (g> ( A*() Y2 ) v<x>) (g> G70

plane-wave ansatz:
(; ) _ (Z) gilka—It/h) (3.72)

then solve the stationary eigenvalue equation:

—h;zz — u(x) A(x) (AN u
( A*(x) % + M(x)) (v) =F (v) (373)

for normal metal (xr < 0):
uy=1—v,=0orl
{ 0 0 (3.74)

hgt =vV2m\/u+ FE

for a superconductor (x > 0), when E > A:

_ A _Llcosh ' E
Up = \/2E€* A
1 -1 E
vy = ﬁe*ﬂ“h a (3.75)

hk® = 2my/pu + (E? — A2)1/2

_ A _icosh ' E
Up =1/ 2E€* a

Vo = ﬁef%cosh* 2 (3.76)
hk® = V2my/pu £ i(A2 — E2)1/2

Then the scattering state can be expressed by:

1 1y . . 0y . 1 -
Yy = Worom [(()) T+, (1> e+, <0> e "4 x] for Normal metal x < 0
who

and when B < A:

(3.77)
1 - -
Vg = oo o) gikta + the Y0 ) ke for Superconductor x > 0
V2rh(ud — v )v Vo ug
(3.78)

where v = +/2u/m is the velocity in normal metal, and assuming Ep = p > A, it follows that k* ~
qt ~ kp.
The boundary condition can be derived from the stationary eigenvalue equation at the interface:

(—h;ZQ —u(z)+V(x) A(z) ) (u) & (u)
A'(2) B (e~ Vi@)) \o v

N { [—% — p(z) + V(l’)] u(z) + A(z)v(z) = Eu(z)
A*(z)u(@) + [ + p(z) — V()] v(z) = Ev(x)
considering the continuity of the wavefunction and integral the above equation from x = 0~ to x = 0%
B5(0) = ¥ (0) = 6(0)  continuity
P5(0) — iy (0) = 22H(0)  discontinuity
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3.1 Transmission function and the S-matrix

By substituting ¢ g /N into the boundary condition, the scattering parameter can be obtained:

r - Z; +iZ (v —ud)

ug + Z°(ug — vj)

UoYo
The = ud + Z2(u3 — v3)
(I —iZ)ug\/ug — g
O ug+ 22 (uf — vp)

b= ;’Zvo u3d — v3

ug + Z%(ug — vg)

where Z = H /(hv).

Another symmetry called Chiral symmetry, is defined as follows: there is a unitary operator that anti-

commutes with the Hamiltonian
{U,H} =0 (3.79)

Comparison between three non-spatial symmetries:

Symms TR PH Chiral
Operators anti-unitary anti-unitary unitary

Forms commutation anti-commutation  anti-commutation
Operation E—E E—E E—-E
Spectrum  Kramers degeneracy {E,—FE} {E,—FE}

3.1.4 Symmetric energy spectrum®

Considering eigenvalue equation:
HpaeX'(E;) = Eix' () (3.80)
= EHp.E 'EX'(E;) = EEX'(E;) (3.81)
Use {Z, Hp,} = 0, we obtain that 2x*(E;) = —E,Zx*(E,), so that =x*(E,) is an eigenstate of H g, with

eigenenergy —F;.

TRS PHS CS

(h,B) \/ (h,B)
(-k,B) (. B)

(-k, - E) (k, - E)

Symmetry means constraint, which always has nontrivial results. Here, the P-H symmetry is somehow

artificial, because we regard half the electrons as holes. As a result, such a symmetry is redundant.

For the Bogoliubov quasi-particle operator, we have
W (E) = 75(—E) (3.82)

5The following derivation does not rely on representation.
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3.1 Transmission function and the S-matrix

meaning that creating a QP of energy E is equivalent to annihilating one with energy —E’. Therefore, we only
need to focus on half of the degree of freedom. Take the trivial case as an example: normal metal (A trivial case
but good benchmark)

1. full electron language: Hp = % — U

H 0
2. BdG language: Hp, o = % ( ON o )
—HN

occupied h

(-k,E)

uncompensated £ (k, - E) A P
’ VA /
physical quantity absent e ) ‘\\ K ‘\\
/I \ // \
A ’
A -~_ 7’
fulle, E € (—00,00) e&h, E€ (0,00)

To avoid the double counting in the BAG representation, we only focus on the part with positive energy.

The same spirit is followed is the nontrivial case with finite pairing.

h-like QP h-like QP
/A\
/ \
’ \ )
\ E \ /e—hke QP \/\/e—like QP
/ \
""""""""""" 2 ittt ¥
// \\ // \\\ ,/’ \\\
/l \\ l/ \ / \\

h-like QP, redundant

fulle, E € (-00,00) e-like & h-like, £ € [0,00)

e-like: sgn[v] = sgn[k]; h-like: sgn[v] = —sgn[k].

3.1.5 e — h scattering (Andreev reflection), PH symmetry of S-matrix

Considering a normal metal-superconductor interface.

g% E € [-A, A], DOS= 0 for Superconductor, what happens?
BdG equation:

no. (1) — (5 —n@) + Vi) Afw) f
o <g> - ( A*(x) Y 4 ) —V(x)> (9) 8

where A(xz) = 6(x)A with A presumed to be a real quantity (disregard the unimportant U(1) phase), and

V(xz) = H)(x) is a Dirac-function-type barrier.

"Majorana, spinless quasi-particle at zero energy: ' (0) = ~(0), its antiparticle is identical to itself and can be utilized in topological
computing. Topological ground state degeneracy. e = h + CP (unconserved).
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3.1 Transmission function and the S-matrix

nVARL VA

// \ /N /J/ ~
// \\ // \\ // \\
/ \\ // \\ ,/ \
normal R AR h-like T
equivalent
picture
<$\NR T ’29»/—\
full e 2= =7 (

- - Cooper pair

P - '\.'. T
language *i\\( AR /
plane-wave ansatz:
f — [ ") gitka—Et/n)
g v

For an eigenenergy F, the eigenstates are
Ug gt
Vg = e
+ v

T Yo | ptith
the =
Ug

S+ VBT~ A/E)
Bk = Vomy (B2 — A2)172

A is finite for superconductor, A = 0 for normal metal.

1. electron-like:

2. hole-like

2 12—
ug =1—v5=

Scattering state: For normal metal (x < 0):

1\ . 0\ . 1\ .
= e T L q e 4p ez

and for superconductor (x > 0):
Yg=c <u0> et T4 d <UO> e ik
Yo Ug

assuming F = p > A, it follows that k* ~ ¢F ~ k.

Boundary condition:

Pg(0) = (0) = (0) continuity
Y5(0) — Yy (0) = Q%H (0) discontinuity

then we can obtain the scattering coefficient.

75
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3.1 Transmission function and the S-matrix

#45 Exercise 3.3 Prove the current conservation of quasi-particles in Andreev reflection problem:
Op+V-J,=0

where p = | f]? 2, and J, = L [Im(f*Vf) —Im(g*Vg)].

Current conservation of QPs, rather than electrons
0p/0,+V - J,=0 (3.92)
where p = | f|* + |g|*, and J, = [ [Im(f*V f) — Im(g"Vg)].

o () (Y - ua) + V() A(x) f
o (g) - ( A(x) 2 +u(:r)—V<:r)> (g> G99
P\ (B )+ Vi) A) Iz
o (g) ( A () 12y +u<w)—V(x>> (g) G99

then (f*, g") x (3.93) — (f,g) x (3.94):

: — o — () +V(x) Az) f
= iho,(ff*+g99") = (f". g Zm (3.95)
—PY2 () 4+ Vi Az *
—(f9)| ™ ’:( )+ V() - (@) f* (3.96)
Ar(z) s + @) = V() ) \g
BN u+ VIf+A
= (frgr [T eV A (3.97)
Af—= (g +u—=V)g
h2v2 h?v?2
= [ =0 f A g+ g (5 + g (3.98)
h2V2 f’z2V
—f(= Mf — FAg—gAS— g( +I>41)9 (3.99)
h2
=5 [szf* V2~ Vg + gV (3.100)
h2
VAV =fVf—9Vg +gVy (3.101)
h
(f*f +9'9) i N[V = [V —gVg + g7V =0 (3.102)
h
=0,p + %V =i+ ifV T —igVet +ig*Vg] =0 (3.103)
h
=0,p + %V -2Im(f*V f) — 2Im(¢*Vyg)] =0 (3.104)
h
=0,p+ V- - [Im(f*Vf) —Im(g*Vg)]® =0 (3.105)
=0,p+V - J,=0 (3.106)
In a scattering problem, the current conservation is an important crite-
rion for checking the correctness of the calculation. Here, specifically we , S
have . e :
in @— i
vp X 1 =vp(A+ B) +v,(C + D) (3.107) . '
- NR @<— :
8T, = 2 (jul* — o) - : -
AR O S (. .)
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3.1 Transmission function and the S-matrix

For £ < A, v, =0, so that A + B = 1, indicating complete reflection.
Note that electron and hole possess opposite charge, so that the AR

process contributes to charge transport.

3.1.5.1 PH symmetry of S-matrix

The particle-hole symmetry of the BAG Hamiltonian imposes constraint on the S-matrix, similar to the TR
case. Without loss of generality, we use ¢, representation.
PH operation:
=50, =02 (3.108)
where 7,.: e <+ h exchange of e — h component, anti-unitarity: Complex conjugation.

In the energy-momentum space (stationary states for scattering problem)

216, (B, k) = Y%(—E, —k) (3.109)
Note that PH operation does not change the group velocity of QP:
OE  0(—E)
e 3.110
YT R, T ho(—k) (3.110)
e in
h
out
PH-operation in typical incoming and outgoing states:
=, (B k) = o (— B, —k) (3.111)
2,0 (B, k) = " (—F, —k) (3.112)
then consider the general incoming and outgoing states for a given energy:
Vi(E) = Y a, (B (B) (3.113)
qr=e,h
Ve (E) = 3 b, (B} (E) (3.114)
pT’=e,h

The coefficients are related by the S-matrix, or explicitly,

{0} = [SHa} = (b} = [Sl-{a}, (3.115)

T
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3.1 Transmission function and the S-matrix

Perform PH transformation on the scattering states

View(—E) = 5,00)(B) = &, Z Qe (B3 (E) (3.116)
= @ (B)Z0 (B Z a; (B (—E) (3.117)
qT
View (—B) = 5,0 (B) = 5, Z byr (B3 (E) (3.118)
(out) out
= b (B2 Z '(~E) (3.119)
pr’

Similar to TR, the PH symmetry is reflected in two aspects:
(a). Y™ (E), 2" (E) are PH partners and establish the connection by comparing &) (E), wlin) (—F)
U2 (_B) as follows:

a5 (B) ¢ age(—E), b, by (—E) (3.120)

qT

(b). The states before and after the PH transformation satisfy the same BdG equation.

Rewrite the correspondence as

4y (E) < apz(—F), by < by (—E) (3.121)
= {0}2(=E) = Y [S]-(E){a}s(=E) (3.122)
(FomE=-E) = {0)(E) =Y ISk, (~E){a),(E) (3.123)
Comparing Eq. (3.115) and (3.123) yields

This is the PH symmetry of the S-matrix, which is a strong restriction. For example, two types of AR

processes are related as:

S.p(E) =8} (—E) (3.125)
Two types of NR processes are related as:

See(E) = Sip(—E) (3.120)

Like TR symmetry, the PH symmetry is a general symmetry. As long as the system can be described by the
BdG Hamiltonian, then it holds.

3.1.5.2 BTK formula’

Assumption Similar to the LB spirit, the incident particle (e or h) inherits the distribution of the electrons. The
difference is that now the incident particle can be e or h.

o Electron distribution:

f(E) = f(E—eV) (3.127)

where V is the bias voltage.

9Reference: PRB: 25, 4515 (1982)
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3.1 Transmission function and the S-matrix

AL

o Hole distribution:

1
IE)=1—f(=E)=1— T F T

e—(E+eV)/kBT
1+ €—<E+eV)/kBT

1
6_(E+8V>/k'BT = f(E + €V)

(3.128)

(3.129)

(3.130)

The current can be calculated at any cross section. Since the electron number is not conserved in Super-

conductor, it is convenient to calculate the current in Normal metal.

[ = 2N (0)ev A / T {[f(E — V) — (B[ + A(E) — B(E)
0

HAE +eV) = f(B)[(—1 - AM(E) + B"(E))]}

(3.131)

N (0) is the DOS in normal metal (without spin) and A4 is the cross-section area. The integral for £ > 0 in the

aforementioned equation is designed to prevent redundancy. Here, A(E) denotes the AR reflection, and minus

sign in the red term due to the hole’s opposite charge.

In normal metal, the number of conducting electrons per unit energy is
2N (0)V,
where V) is the volume of normal metal. Thus, current is
2evpN(0)Vy/L = 2evpN(0)A
where L is the length of normal metal.
The total current is:

[ = 2N (0)ev A / T AR {[F(E— V) — ()1 + A(E) — B(E)]
0
+[f(E+eV) = f(E)][-1 - AME) + B"(E)]}

— IN(0)evpA { /0 dE[f(E — eV — f(E)|[1 + A(E) — B(E)]

0
+ [ B+ ev) - f-B)-1 - AN -E) + Bh(—E)]}
Considering PH symmetry:
AM—E) = A(E), B"(—E) = B(E)
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3.1 Transmission function and the S-matrix

then we obtain:

[ = 2N(0)evpd { / T ABL(E — V) — f(E)[L + A(E) — B(E)]
0
+ / [F(E) — (B — eV)](~1)[1 + AM(E) — Bh<E>]} (3.138)

[ = IN(0)evp A / T AB[f(E — V) — B[ + AE) — B(E) (3.139)

where the last equation is BTK formula!®. At temperatures satisfying T < A, where f(E) ~ 6(E), this

equation can be simplified:

eV
T = IN(O)evp A / B[ + A(E) — B(E)] (3.140)
0
~a=20 14 Aev) - Blev) (3.141)
= 8V X e e .

where G = 01/0V is the differential conductance.

In the A = 0 limit, superconductor reduces to normal metal. The A(E) = 0,1 — B(F) = T(E)
transmission, reduces to the LB formula. Therefore, BTK formula is the extension of LB formula to the Nambu

space.

o Typical features of the scattering probabilities'':

A (E) A Resonant AR at £ = A

B

A E E A E

Z =0, transparent limit Z1 Z > 1, tunneling limit

o Differential conductance:

dr
av

Ry

Z>1

3.1.5.3 Simple examples, junction

Herbert Kroemer: “The interface is the device.”

10Reference: [PRB 25, 4515 (1982), Milestone]
"In-gap, A <0, A+ B=1.
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3.1 Transmission function and the S-matrix

General steps for these problem:

o Step I:

Current conservation
Hamiltonian — (consistency) (3.142)

Boundary condition (BC)
o Step 2: Solving scattering states, coefficient using boundary condition. (check
current conservation)

Example 3.1 Klein tunneling for Dirac fermion (Graphene, Topological surface state):

+ velocity

The Hamiltonian for 1D Dirac fermion:
H=0,k+V
where V' = V,0(x).

Eigenvalue equation:

(speudo-)spin momentum locking.

Boundary condition:

Y(0) =9Yp(0) =c=1
J=vylop=lc?=1

(3.143)

(3.144)

(3.145)

(3.146)
(3.147)

This implies that the incoming current is equivalent to the outgoing current, thereby satisfying the principle of

current conservation.

Reflection: |b]? = 0, indicating no reflection.

o key-point: Spin-momentum locking.

o Another point is scattering problems, the match of velocities on both sides.

For systems with irregular shapes, the solution need numerics.
Example 3.2 §(x) barrier:

Eigenvalue equation:

h2
—5, 07 + Ud(x) | $(x) = Ey()
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3.1 Transmission function and the S-matrix

To obtain the boundary condition, integral from 0~ to 0"

B2 O 0t 0*
"+ U/ §(x)Y(x) = / Ey(z) =0 (3.149)
2m Jo- 0~ 0-
h2
= = 5 [W(07) =" (07)] + Uy(0) = (3.150)
/ 0+ (07) = 2'mQU 0
{w ) —v'(07) = 2 4(0) 15D
$(07) =(07) = (0)
Check current conservation J(0~) = J(0T)
7(a) = le [0 (2)0,3(r) — 0,9 (@) ()] (.152)
Y — [0V (0F) — o F(0F +
TO07) = g [0 (071 (0%) — ' (0)(0")] (3.153)
h . U P . o
-5 {0 P +vo)| - Pt +v0|uo} s
= o (0 (07) — ¥ (0)(07)] = J(07) (3.155)
Example 3.3 Hetero-Junction:
Hamiltonian:
HR - +aR(k ay_ky0x> —HR (3156)
HF 2m +M 0, = MUp
we replace: k, — —i0,, k, —number:
H = Hp0(—x) + Hpb(x) (3.157)
Non-Hermitian! Broken current conservation. 2DEG FM
To address the issue, we need to make the Hamiltonian symmetric/Her-
mitian. (The way is not unique).
m(z) = mpl(—x) + mpb(x) (3.158)
ap(x) = apl(—x) (3.159)
Other terms are 6(+x) x const. Doesn’t matter.
Kinetic energy:
h2 T ) h2
[“atom) ~ i R
_ r1
(modify) = — 7azmaz (3.161)
Rashba SOC:
[—iaRH(—az)Bzay]T = —iag0,0(—z)o, # hp (3.162)
(modify) = — %{QR(az), 9, }o, (3.163)
modified H:
. 1 ;
i = —h2, % %{aR(x), 8,}0, + c,0(x) + c,0(—) (3.164)

The red terms are not important for boundary condition.
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3.2 Combining S-matrices

Eigenvalue equation:

H(z)p(x) = E(x) (3.165)
O+
- / Az —0 (3.166)
o 1
=—h | 8w2m(ac) (z)dr — 3 y/ {ag(z =0 (3.167)
2 1 o
=—h T ) — aR/ {0(—2),0, 0 (z)dx (3.168)
:W—mej— 1wmﬂ:wajﬁwﬂwmwﬂw@wmwx (3.169)
m(0°) @) s i
= io,apl(—z)P(z )| = 20yaR¢( ) (3.170)
PRI S
5oV O~ Y0 = —50,ap(0) (3.171)

So, the boundary condition:

{;ﬂwm—;yam—ﬁwwﬂ@> G172
¥p(0) = ¥5(0) = %(0)
Current:
= QL [, v — (@0,0h)e] + Futo,u (3.173)
F= 2mF [$10:9 — (9,97)¢)] (3.174)
Current conservation:
h /
Tn = J(07) = 5 [Vh(0)50) = vk Owr(0)] + Fre ko, v (3.175)
h /
= o [PHOWR(0) — 0k ©r0)] + S vho, v (3.176)
h 1 ' h
= 3 0H0) [0 = 50,0000 = 5 |0+ gant! (000, | 6r(0) + GEvho, v
(3.177)
= 5 [P0 (0) = 6E 01 (0)] — e, + b (3.178)
— Jp (3.179)

3.2 Combining S-matrices

The S-matrices in different parts of the system can be combined with coherence.
S — S 1 ® S2,

bs ty 7 as boy ty T Aoy

“t” are the transmission matrices, “r” are the reflection matrices,

(ay3) = ( }Zi ) ;o (big) = ( }Zj ) (3.181)
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Lead 3 b Lead 4

—
“l b2
._b _’

Lead 1 s@ 5 s@ Lead 2

-+ -
b, ) b

P V—

as

Eliminating a5, b5 to obtain the entire S-matrix,

bz = 11043 +tiag as = Tobs +thag,
by = tya;5 +r1a; boy = tobs + T9a9,

b5 == tlalg + T1T2b5 + Titéa24 = b5 == (]. - rir2)_1(t1a13 + T'/ltéa24) (3182)

by = to(1—7r{ry) H(tyays +71t5a5,) + 100y = to(1—11r9) "tyags+ [to(1—riry) " 'rith +75]agy (3.183)

as = ro(tyay3 +ria;5) +thag = a5 = (1 — 7“27"971(7"2751@13 +thay,) (3.184)
big = ryayz+ 1 (L—ryr)) Mgt a3 +1t5ag,) = [+ (1—ryrl)  trotyJags + 11 (1—ryr]) thay, (3.185)
by [ t aq (3.186)
byy t 7 Aoy
r=r=r; +t3(1— 7“27“’1)’17“2151 =1y + e[l +1ror] + (r2ri)2 + .oty
=71+ 1ol + (rer])? + Lty =y F (L —ryr)) My

Q' =t (1 —ryrf) Mty

t=th(1—riry) 1]

where

,

7 =1l 4ty (1 —riry) it

Application: (a) Divide the whole system to several parts to ensure the computational capability. (b) Many
phenomena can be described by the S-matrix in general forms, where only the basic properties such as unitarity,
symmetry should be satisfied. The combination of S-matrix then can be useful in describing many effects.

3.2.1 Feynman paths

Insight form expanding the transmission matrix:
t = t2(1 - 7’17"2>71t1 = tz[l + 7’17"2 + (7“17“2>2 + ]tl (3187)
Specifically, for the matrix element (m,n), ¢,,,,, = Zp A, p € all path starting in mode n and ending in mode
m. For example, the second term:
[t2rir2tl]mn = Z Z Z(t2>mm1 (Ti)m1m2 (r2>m2m3 (tl)m3n (3188)
my My Mg
.. T _ 2 * *
Transmission probability: T,,,,, = [t,,, ,|° =3 A A, + 30 >0, Ay A,
For L > [, the second (interference) term ~0. Compare the simplest case with two sections, coherent:

84



3.2 Combining S-matrices

> :(2) (D
/1) i 1
r @ 0 r(l) r()
— ;0 p® ) ,,(2) i
— HORNO) @@
. tyt s
amplitude t = 171%27,2 , probability
T
T=|t?= 1-2 (3.189)
1—-2y/R Rycosf + R R,
Incoherent: probability
T
T=—12_ (3.190)

1—+/RR,
where T’ 5 = |t1,2|2aR1,2 = ‘Ti,2|2a‘9 = Arg(r}) + Arg(r).
Feynman paths provide a very useful perspective for understanding physical results rather than a com-

putational tool.
Applications: Understanding resonance < Bound states.

(i) Resonance tunneling, t = t,(1 — r|7y)"'t;. Resonance condition: 1 — 7}r, = 0. Arg(r;) ~ e*L,

Arg(ry) =~ e*L, resonance occurs for weak tunneling = €2*% = 1, 2k - L = 2nm. The condition is exacting
the same as that of forming bound states. Therefore, we can say that the resonance is induced by the bound state.
More detail: T = 172¢R1;’;Z’§S9+R1R2,R1’2 = 1-T, 5. Weak tunneling limit: 77 , < 1, Rj Ry ~ 1-T} =15,
T — T, ~ T\T,
(1—+/RiRy)2+2\/RRy(1 —cosf) [1—+/1—=T, —T,]2+2/1—T, —Ty(1—cosb)
T,
(T + 1) /2] + 2(1 — cos 0)
(3.191)
Resonance level: cos[0(E,)] = 1,0(E,,) = 2nn. Near the level £ ~ E
de
Eu
1~ cos0 =1 — cos[2nm + 0] = 1 —cos 00 ~ 2662 = 2(22| 2p g,y (3.192)
cos @ =1 — cos[2nm | = cos 86 = 266 = §(E E#) ( ) .

T,

C S @ A TR T (LI, P(E - B,
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3.2 Combining S-matrices

— dE
Define I'; , = T172W’E ,
I

~ Ty Iy r
T~ (T, +T5)/22+(E—E,)? T, +T,(/22+(E—E,) (3.193)

where I' = I'; +I',. Note that m is a Lorentzian function. The resonance condition: I'; =I'y =

T =1latE = E,, equal coupling.

(ii) Majorana zero mode induced resonant Andreev reflection (AR)
Recall the resonant AR at £ = A for conventional superconductor (s-wave). It can be analyzed as follows.
Transparent N/S interface: AR amplitude for £ < A: r,, =1, = eicosH(B/A)

strong barrier transparent interface

/ /

(<>
N S &~ L L-0

strong barrier

te
T S
N Ten
Tee K .
N S

LTt
~ _ e
The = th<1 + TheTeeTen"hh + "‘)The e —

¢ (3.194)

11— TheTeeTenThh

Pn(B) = rie(—E) 2 15, (0) = 17, Ty = el = Sl
Here, r.,(E) # 1}, (—FE) = —r,,(E), but it does not break the particle-hole (PH) symmetry. In
particular, PH symmetry should involve a spin inversion as well. We have r%, (E) = r7*(—E) = —r{*(—E) =

r%,(E). For opposite spin, A — —A. This minus sigh is inherited by the AR amplitude.
Resonance condition: 1 — Rr? (E) = 0, R ~ 1,1 — ¢ 2 " (F/A) — 0 = 2cos {(E/A) =0 = E =
A. For 1D p-wave (Kitaev chain), A(k) = —A(—k) o k. PH operation: involve A — —A, = r,, = —r),, =
ey, = 1+ e 2 H(B/A) — 0 = 2¢cos I (E/A) = 7 = E = 0 = zero-bias conductance peak (ZBCP).
A

p-wave S-wave

0 A E

E = 0, in gap = band state: Majorana bound state. Recent experiment progress remains controversial.
ZBCP is not the smoking gun evidence.

relation between resonant AR and resonant tunneling:
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3.2 Combining S-matrices

L—0
48 retro-AR
: Andreev
\ bound states
N
strong transparent
barrier interface

resonant spin-flipped reflection

TG

3.2.2 Partial coherence, virtual voltage probe

We only want to introduce decoherence effect. However, the additional probe may introduce unwanted

momentum relaxation. Solution: unidirectional probes.

A= B(VI=a)orp, (Va).p, = B(—va). B = A (VI—a) or p, (v/a). p, = A (—/a). The

S-matrix:

2(:n'm A B P P2
A 0 I—a 0 —Ja
B Vi-a 0 —Ja 0 (3.195)

1 Va 0 V1—a 0
py 0 Ja 0 Vi-a

a € [0, 1]. In this four-terminal device, the Biittiker formula is in the linear response regime. S; : 1, A, S, : 2, B,
S : A, B,py,p,. Eliminate internal terminals A, B = find S-matrix: 1, 2, D1» Do (bl,bz,bpl,bPQ)T =

) = Ty = 18,47 Gy = 5 Tpg = I, = 30, GpglV,, — V] Condition: I, =1, =0.

~

S(ay,ay,a, b,
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3.2 Combining S-matrices

3.2.3 Transfer matrix method and relation with S-matrix

an An+1
Sn

bn bn+1

b ) _ a, a ) -
()i Yo () o (e0) e

where M, is the transfer matrix. The advantage of transfer matrix: A series of scatterers,

a; | ag | ag _ an
( b ) = [My] ( , ) = (M, M,)] ( b ) o= [M My My ( N ) (3.197)

Exercise 3.4 Considering a four-terminal Hall bridge as shown in Fig. We write the individual S-matrices

)= G ) ()= ) ()
bs ty 1 as by ty 15 Aoy

rot
Now, try to eliminate a5 and b from the above equations to obtain the S-matrix S = S| ® Sy = ( )

t
by | t/ aqs
boy S\ Aoy

in the form:

for the composite structure:

Lead 3 b 5 Lead 4

—

a, b,
—>

Lead 1 s 5 5@ Lead 2
< +—
b, L)

4___

as

Solution Eliminating as, by to obtain the entire S-matrix,

big = ria.3 + tiag ag = robs +t5a9,
by = t1a;5 + 1105 boy = tobs + 509,
bs = tyayz + 1oy + rithag, = by = (1 —riry) H(t1ay5 + rithag,)
boy = to(1 —rirg) M (tyays + rithag,) + rhagy = to(1 —riry) Mz + [ty (1 — riry) " 1rith + rhlag,

a5 = ry(tyar3 + rias) + thagy = a5 = (1 —ror)) " (rot a3 + thag,)

big = riayz + (1 —rort) M (rotyays + thagy) = [ry + 11 (1 —rorl) " trotylags 4+ 11 (1 — rorf) Hthag,
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3.2 Combining S-matrices

one obtains
bis r t aqs
byy t r Aoy
where
=1+t (1 —ryr)) " troty
t =t (1—ryrh) M)
E=th(1—rjry) 't

=gt ty(1 = i)

ﬁ
|

5

Exercise 3.5 Majorana zero mode induced resonant Andreev Reflection. Considering a N/S interface as
shown in Fig, where a strong barrier is present at the interface. The Andreev reflection amplitude for an

s-wave superconductor at a transparent N/S interface with £ < A is given by:
Toh = The = eficos’l(%), (3.198)

and for a p-wave superconductor, the reflection amplitude is given by:

—icos (&)

Tep = €T, = —€ (3.199)

Determine the resonant energy in both the s-wave and p-wave cases.

Hint: We can place the strong barrier in the normal metal at a distance L from the interface, and then

/ Strong barrier /

take the limit as L — 0.
Strong barrier

Transparent interface

Solution Taking into account the resonance scattering depicted in Fig.E.4, the resonant tunneling ampli-

tude can be articulated as:

thrhete

The = th(l + TheTeeTenThh + "')Thete = 1
“ TheleeTenThh

. . _ * _ ~ * _ x _ th’f‘; 4t _ thrh, t
Due to particle-hole symmetry, rp,,(E) = ri (—FE) ~ r: (0) = r* 7, = he, = e (

Ten=Tne 1= [1?).
Resonance condition:
1—Rr3 (E)=0
where R ~ 1 (strong barrier). For s-wave superconductor,
1— e 21 H(B/A) = 0,= 2cos H(E/A) = 0= E=A
For p-wave superconductor, v, = —r},, = €'™r;,, which leads to

1+ 672icos’1(E/A) =0 = ZCosfl(E/A) 1= FEF=0
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3.3 Green’s function

p-wave S-wave

3.3 Green’s function

3.3.1 Introduction

S-matrix tells the response at one lead due to the excitation at another, e.g. ¢,,,,,. Green’s function (GF): tells
the response at at any point (inside or outside the conductor) due to an excitation at any other. For non-interaction
transport, GF is a practical tool for computing S-matrix. More powerful dealing with interactions: D, E = S,
where D, is a differential operator, R is the response, S is the excitation. Our problem: [E—H , |¢» = S, where

E is an energy parameter, not eigenenergy. H,,, is the Hamiltonian. The Green operator: G = [E — Hop]_l.

3.3.2 Retarded and Advanced GF

The inverse of a differential operator is not uniquely specified till we specify the boundary conditions. Start

from the time-dependent Schrodinger equation,

00— A, (o) = 016 1u() (3.200

where U is the time-evolution operator. For time-independent H, U (¢, ') = e~i(t=tVH/h_For eigenstates |1,,),

U(t,t') = e it=t) H/th W, r—Z e Entt/R V(e |

= [¢(t)) = U(t, ") (t’ Z e En I () ]h,) R
Green operators: retarded:
GR(t,t) = —%e(t — U (t,t) = —%e(t — )emilt=t)H/t (3.202)
advanced: ‘ ‘
GA(t, 1) = %H(t’ 00t t) = %G(t’ —f)e il )/t (3.203)
Fort > t/,
(1)) = ihGR (1, ¢)|(t') (3.204)
Fort < t/,
[Wh(1)) = —ihGA(E ) |(t") (3.205)
Fort <t',GE(t,t') = 0;fort > t', GA(t,t') = 0.
hatGE(t, 1) = %H(t — )it H/n = %G(t — ) i DHM = GA(Y 1) (3.206)
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3.3 Green’s function

éR, G4 satisfy the same equation:
ihd, — HYGRBA 1) = 185(t —t .
ihd, — H)G®A(tt') =16 ’ (3.207)

E(w) — E = ih, as operator in the ¢ representation.

(t|(E—H)G|t') = (t|t') = (ihd, — H)G(t,t') = I5(t —t') (3.208)
Check: )
(ihd, — H)GR(t,1') = §(t — t/)e (=t H/h %ﬁ@(t —t/)em it/
; R (3.209)
+ o HO(t — t)e MHE = 5t — )]
Fort > t', |(t)) = ihéR(t,t’)|¢(t’)>,
. L0 4 PP R -
oy (1)) = (ih)? 5, GH () [(1)) = ih(HGH +6(t — ) D)[(1)) = HI(#) (3.210)
Time-independent Hamiltonian: G(¢,t") = G(t —t’) = G(7), Fourier transform:
[e.e]
GFANE) = / GRA) (1)etBT/h T (3.211)
To ensure convergence of the integral, we introduce = 07,
oo
GR(E) = lim GE(r)elErm/hir (3.212)
n—0J_
which converges at 7 — 400,
oo
GA(E) =lim [ GA(r)e'F=m7/hdr (3.213)
n—0 oo
which converges at 7 — —oo. Otherwise, G diverges. e.g. free electron,
oo M o (3.214)
B e*(EifE)T/h o 1 ei(E*Ei)oo/h
E,—F ‘0  E—E, E—E,
By replacing £ — E + in,
1 ei(EwLinfEi)oo/h 1
GR(E) = - = 3.215
(E) E—FE,+1 E—FE,+1n E—FE;, +1in ( )
1) can be absorbed into the definition of GF4), such that GF (1) = —10(7)e~""(Ei=)/"_ At any finite

7, 7 -1 = 0, no effect; but for infinite 7, 7 = oo, GR(T — o0) = 0. This modification of GE/A has no
physical significance, since 7 is always finite in the physically relevant regime. However, it is mathematically
very convenient, because it allows us to work with well-define integrals. The divergence at 7 = oo has no
physical effect.

Fourier transform:

(ihd, — H)GRA( ) = I6(t —t') = / dreEiniiin O Gr(ry _ AGR() = T

- or (3.216)
ih[eiEFMTIMGR(T)]|°, — ifi / ar M E ) ;“7) BT GR (] — AGR(E)] = T
[E—in— H|GE(E)=1= GR(E) = [(E +in)I — H]! (3.217)
Similarly,
GAE) = [(E —in)I — H| ™ (3.218)

91



3.3 Green’s function

Eigen-basis:

~ 1 n/\¥n
e T SN AUAESS E‘fé%

(3.219)
/ GR(E —zET/ﬁ dE Z/ ) N \¥nl  —iprn AT dE
E— E + in 2mh
For 7 > 0,
- dE 1 -
R — —i(E,,—in)T/h __° —iE,7/h
GR(r) = 0(7) 3 19, (¥l (~2mi) g =~ 0BT ), (3.220)

n

3.3.3 GF in the coordinate representation

(Fl) = 9(F), (FH) = 8 — ) H (), FIGT|r) = GRE ), [$(1)) = bGP (t —¢)|p(t) =

w(E) = (o) = i [ a7 T ) = in [ dPGRE I G2
Time domain GF: [ihd, — H|GE(t,¢') = I5(t —t'),
Flihd,GR(t, ') — HGE(t, t)|r") = 6(t — t')6(F — 1) (3.222)
ihd,GR(7t, 7t — H(F)GR(7t, r't ot —t)o(r
(R GPE) — B@CREL ) = 8t — )5 =) .
= [ihd, — H(T)GEFt, r't') = 6(t — ' )6(F — 1)
where H(7) = — 2V + V(7) is the single-particle Hamiltonian. Frequency domain GF:
[(E+in)] — HGR(E)=1= [E+in— H(r)|GEF 7, E) = §(F — 1) (3.224)
(i) 1D free electron,
h? o?
[Eiin+2—W}GRA(:E 2 E)=06(x—1a") (3.225)
Two exact solution: )
, mm iklo—a’
G (r—2' E)= — e kle—a'l — GR (3.226)
corresponding to “+” '
mn : ’
Gy(z — 2/, F) = 3 keﬂ’fIH =G4 (3.227)
corresponding to “—”, where
hk = \/2m(E +in) = V2mE(1 + E)l/2 V2mE(1 + ﬁ) V2mE(1 4 in) (3.228)

Apart from x = 2/, trial function: Atetik(@—a") At g = o7,
ﬁ2 /40 82

— —G ,E)dx
2m J, , Ox? (z,2", E)
h?
—I[G' (2" + 07,2, E) -G («/ — 07,2, E)| =1

m
gives boundary conditions (BC):

2
G'(z' + 0%, 2", E) — G'(2' — 0,2’ E) = f:f
G +0"2',E)=G(x' — 0", 2", F)
Two possibility: +k in different regions, otherwise no solution satisfies BC. G®: for x > 2/, G(z,2’) =
Ateikla—a’), For r<a,Gz,z') = A-e ka2,
m

) ’i , ,
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3.3 Green’s function

Similarly, G4 = i e~klz==" Different BC: G — outgoing waves, G* — incoming waves.
(ii) GF for a multl-moded wire GF. Transverse mode Y, (y) satisfy

h2 82
—_—— — U p—
Fomae T UWnb) = X (y)
Orthogonality: [ x,,(¥)X.m (¥)dy = 6,,,, (Assume x,,, real).
h?  0? 0?
E _ - _ / o/
[E-Uy) +5 (55 62)]%(:6 y,2'y") = oz —2")o(y —y')
Eigenstate expansion: for x > x’,
G .’IJ YT ’y ZA+ zkm(m—a:’)
Forz < 2/,
GR(z,y;2',y) ZA —ikm(m—fr/)
where

GE (2 +0%,y,2,y) — GE (¢/ — 0%, y,2",y) = h25( y')

k2 . . .
st = £ — ¢, . BC in x-direction:

GR (2’40 y, 2/, y) = GE(2'—0%,y, 2", y) = Zikm[f%*‘AMXm( ) =

/ 2m /
DAL Pon ) = 3 AR o) = AT+ A3 = S0
Aly) = Aply) = Al = Ay =~ y) =

Gh(z,y:2',y) Z h X (Y) X ()&=
Eigen-function expansion:

S N AR 2 1 7
GR<7°,T')—<T‘GR’T>—mZﬁ<T|m7B>E_E 70—(h2ﬂ2/2m>+ln<m,/j‘r>

B B () ()
ZE—E — (h2B2/2m) +in

where
S o2 / 4B, Y (F) = —=Xon (9) e
B \F
Thus 5 )
- 1 L ez —a’
GR 7 ') — AN d
(1) = = ;xm@/)xm(y )Qﬁ/ ﬁE_E — (5 2m) +in
12m / eiflz—2")
=723 2 XmWxm(y AB 5 me
L K2 ; 2 (E — B2 +in
Let k2, = 2m<E{2€’" o),
Rz m n [ gifla—a’)
GH(rr') = _m;Xm@)Xm(y )/ dﬂm

m el z—z)

00 B(
i L) |85

93

T8 [ xady

(3.230)

(3.231)

(3.232)

(3.233)

(3.234)

(3.235)

(3.236)

(3.237)

(3.238)

(3.239)

(3.240)

(3.241)



3.3 Green’s function

where f, = ++/k2, +in. Forz > 2/,

B
GE(F 1) = E m(Y) X (y') (27 7€+< E ")eib (=2’

—_ v I pik,, (T—2)
; hvmxm(y)xm@ Je

Forz < 7/,
GR (') = me Y) X (y 27”)6; x__;; Z fw X (U)X ()& Fm (=)
Thus

(7 Z h X (U)X (3 ) 7

Local density of states p(7, E):

o - N ) W@alr) e (s )
ZW P6(E — E,), GR(”’E>_ZE E, +in ZE E+m

Diagonal element.

‘il

|t (7
; —-E, —Hn

L= P —ird(z) =

p(7, ) = 37 6(E — B, ), () = ~Im[GR (7,7, E)]

n

3.3.4 Lippmann-Schwinger equation: Relate GF and scattering theory

(3.242)

(3.243)

(3.244)

(3.245)

(3.246)

(3.247)

The advantage of GF is to interpret the theory using perturbation method. H=H o+ V., H, o is the kinetic

energy of free particles in the leads. V is the scattering potential as perturbation that describe scattering.

(im0, — Hy — Vo] GE(t,to) =I6(t — t,)
[ihd, — Hy)GE(t,t,) = I6(t —t,)
ihd, — Hy = GE ' (t,4)0(t —t,) = GE ' (t,4))0(t — t)GE(t, t,) — VGE(t,ty) = 16(t — t,)
GE ' (t,,0)8(t — t,)GR(t,ty) — VGE(t, 1) = T6(t — t,)
= 6(t —t,)GE(t, 1) — GE(t,, ) VGE(t, ty) = GE(t,,1)8(t —t,)

= G%iyty) — [ GRGLOTER )= G, )

which leads to the Lippmann-Schwinger equation for GF:
GR(ty,ty) = GE(t,,t,) + /tl GR(t,, ) VGE(t, t,)dt

change t: t

t
GR(t.ty) = GE(t. 1) + / GR (4,4 YUGR (¢ to)dt
t

Formally

é - GAO "‘ éo"}é == GAO "‘ éo‘?(éo + éo‘}G) GU "‘ G0VG + G(]VG(]VGo
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(3.250)

(3.251)
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3.3 Green’s function

which leads to

t
GR(t,t,) _éé"(t,to)Jr/ GR(t, t\VGE(t  ty)dt’ (3.254)

Relate the GF to scattering states. Incoming state: time evolution of the initial state () from the past under

the action of unperturbed Hamiltonian (G|)),

[ (1)) = ih tim GE(t — to)lwo(t)) (3.255)
0 oo
Full scattering state: full Hamiltonian (G),
[(8)) = ih_tim _GR(t —t) |4y (fo)) (3.256)
0 —00

Using Eq. (3.253) yields the Lippmann-Schwinger equation for the wave function:

(1)) = [ (£)) +/ di'GR(t — ')V ] (t')

oo (3.257)
or [¢(t)) = [¥™"(1)) +/ dt’ Gt —t")VIv(t))
The corresponding Lippmann-Schwinger equation in the frequency-domain:
GR(E) = éR( E)+ éR(E)f/égf(E)
s = [0+ GRB)V 1) 5258)
or GR(E)= ( )+ GR(E)VGR(E)
V) = W) + GH(E)V]ip)
in the coordinate representation:
Up() = VE6) + [ dTGRG T BV )
(3.259)

or V() = v + [ AP GG BV ()

we express the wave function as a superposition of incoming + outgoing waves.
The Lippmann-Schwinger equation is useful in free space with localized scattering region or in rather
simple geometries, when the unperturbed GF can be easily defined analytically. Consider the scattering at
the J-potential V' (z) = «ad(z) with incoming state speciﬁed as " (x) = e** (a given boundary condition),
Gli(z—2' FE) = —%eimz_m" = h(z) = e + [ da’ (G2 )etHle- lad(x )(x') = etk — tma eiklzly)(0).

Inserting
ehT ppemthr g <0
Plx) =A<
te* x>0
forx =0%,07,
Lpr=1- %0
(@) = A ok
_ ima
t=1— oy t

This yields the right solution, meaning that the Lippmann-Schwinger equation provides the correct boundary
condition.
The Lippmann-Schwinger equation is generally useless in solving specific scattering problems. Its

value is providing a general framework that relates the GF to the scattering states.

95



3.4 Fisher-Lee Relation: Express S-matrix by Green’s function

#1  Exercise 3.6 (E.3.2, page 171) Derive Eq. 3.3.15 for the Green’s function of an infinite wire using the
eigenfunction expansion Eq. 3.3.17.
Eq. 3.3.15 in the book:

Gl(z,y;2',y) Z ()Xo (y )€t Fml= =

2m(E—€,, o)
e — and Um ﬁkm

where k,, = , Eq. 3.3.17 in the book:

—>—>/ 1/} _»)
Z E—¢, —I—z

Ui

3.4 Fisher-Lee Relation: Express S-matrix by Green’s function

Yp Yq
*p Xq
AT =
leadp ' °° Conductor ' lead q
| — |
-0t 140" x4=0
X, =0

GE (YY) = Gr(z, = 0,y,;2, = 0", y,), GF between points lying on 2, = 0 and z, = 0. Formally,
we have: Gﬁq = dpqA, + S;,A,, where S, is the scattering amplitudes, net current amplitudes, and A is
the incoming amplitude.

GF is related to the wave function, which does not involve the information of velocities. GF relates the
planes 2, = 0, z, = 0, including the places in the blue region. the S-matrix relates scattering waves incident
from or outgoing to infinities, GF corresponds to excitation in the central region. Therefore, when we interpret

scattering waves extending to infinities by GF, it must involve the A, amplitude, and should be finally dropped.

For 1D case, A = A = hv ,S’ Spar/Vp/ vy (S, is unitary)=-
rR__ ¢ _ ;
Gpy = —%%q hv 5pquq V, [V = Syp = —0yp\/Vg/Vp + ihU,y [V /vp i (3.260)
»
Syp = —0pg + il /0,0,G qp (3.261)
which is the 1D single mode Fisher-Lee relation.
Multi-moded leads:

o WarUp) = D D A + S A ]X (3,) (3.262)

mep neq

This extension is straightforward by noting that the propagation between two sites are achieved along ver-

sions eigen—channels (m,n); and the S-matrix relates these channels. Af = A = —#Xm(yp), S =
Uy 1
R W Ug) = DD [0 o Pom )+ S | (=X () (9)
mepned " (3.263)
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3.5 Tight-binding model (the method of finite differences)

Again, at the scattering level, there is no mathematical difference between leads labels and channel
labels.
Note that specifying m, n has specified the p and ¢ lead. To interpret S-matrix by GF,

// Yo (0) (G F (s ) o () b

1 1
= 7 Z///Xn(yq)Xm(yp>an/ (yp)[én’m’ + St X (yp)dyqdyp (3.264)

i 1 i 1
- — (5 /5 /A e—— 5 Lo/ '/ | — T T —— 5
which leads to the general Fisher-Lee relation:
S = =S+ /5 [ 30 )G s ) (3.263)

3.5 Tight-binding model (the method of finite differences)

Problems with arbitrarily shaped conductor, strategy: calculate GF (numerically), obtain S-matrix using
Fisher-Lee relation, insert S-matrix to LB formula. Differential equation for GF:

(ihV + eA)?
2m
Discretize the spatial coordinate: GE(7,77) — GR(i, j) matrix = [(E + in)I — H|G® = I, where [I] is the
identity matrix, [H] is the discretized Hamiltonian H, op As long as we have the matrix [(£ + in)I — H], then

[E— H,,(7) + in)GR(F, ") = 6(F —1"),  H,,(F) = +U(F) (3.266)

G™ can be obtained by inverting it.

Discretization

j=—2 -1 0 1 2
—e—9o oo o o >

< x
3.5.1 Matrix representation for /,, in 1D
H,,= —%j—; + U(z). Consider H,, acting on arbitrary function F'(x),

(Hop P = |

where I; = F(z = ja), U; = U(x = ja).

d2F] 1 {[dF] [dF] } 1
—— = =9 |5 — |5 = —(Fq —2F,+ F,)
LW vmja O L0 omiya LA )omoya) 0

h? d*F
mdﬁ} +U,F, (3.267)
r=ja

(3.268)
= [H,pFloejo = (U; + 20)F; — tF; | —tF;,, =Y _ H(j,i)F,
%
_ _h
where t = ST ) ]
—t 0 .. 0
—t U, +2t —t ..
H=1| 0 —t  Uy+2t —t .. (3.269)
L 0 0 ——
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3.5 Tight-binding model (the method of finite differences)

The continuous can be generally mapped to an artificial lattice (except for some Dirac models that
breaking the no-go theorem). In this case, the lattice is not real, and only the long-wavelength limit has the phys-
ical meaning. In other cases, we start with the correct lattice model for the physical system, such as graphene.
Then the lattice itself has physical meaning, including both the low and high energy parts.

1D Lattice model‘ U(z) = Uy, E = Uy+2t(1—cos ka). Forka < 1, E ~ Uy+2t x $k?a* = Uy+ @’f.
Velocity: v = 22 = 2a’tk/h = hk/m.
2D lattice: magnetic field [H],; = U(r;) + (t (¢ is the number of nearest neighbors)= —fij (nearest-

neighbor hopping).
Magnetic field: fij = texp[iefi (7, —73) /Rl A is the magnetic vector potential (Peierls substitution).
For artificial lattice to simulate the long-wavelength limit, the Bis required to be smooth on the scale
of the lattice constant.

3.5.2 Truncating the matrix

GE = [(E+ m)f —H 171, H is infinite dimensional. We are dealing with an open system connected to

leads that extend to infinity. Trick: truncate the matrices properly by considering correct boundary condition.

bi
lead p

Conductor

The whole Hamiltonian H = H_+H T Tps where H _, is the conductor Hamiltonian, /1. » is the Hamiltonian

of lead p, 7,, is the coupling.

~

G = G, Gpe

G G

cp c

p
) EI—H,

The discrete Hamiltonian H , H,, are determined by the physical system. Boundary term: 7, (p;, 1) = t. Derive

-1
(E+in)l —H, U ] (3.270)

the sub-matrix G, which corresponds to the effective theory for the conductor, taking into account the impact

of the leads.

(E—l—in)I—Hp T

) EI—H,

Gy Gpe
G G

cp c

=17 (3.271)

which gives
[(E+in)] — H)G,+1,G., =
(E+in)] — H)G,. +7,G.=0
G, + (B — H,)G,, =0
Gy + (EI —H)G, =1
= G,. = —g¥1,G,, where gi' = [(E 4 in)I — H,]"", bare GF of semi-infinite lead p.
[EI — H,)G, —rjglr,G,=1= G, =[EIl - H,—thglr ], H =H, +7jghr, (3272
Dimension of G_.: C' x C, C'is the number of sites (taking into account other degrees of freedom such as spin,
orbits, etc. in more complex cases). Infinite leads is taken into account exactly through the term 25 = T}: gﬁTp,

self-energy.

Problem: gf’ still needs to invert an infinite matrix. Solution: gf’ can be obtained in different ways, such as

[TR

analytic calculation with proper boundary conditions. Matrix element of £/ (¢, j) = [myg57,];; = t295 (p;, p;)-
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3.5 Tight-binding model (the method of finite differences)

Physical meaning of self-energy

Di Ry ;
gR(@up)) %i::/ !

pj

Independent leads (otherwise combine them into a single one), G, = [E] — H, — % %] L. Total self-energy
rR = Zp ¥ additive effect according to the physical pictures. Full GF G, = G: propagation of electrons
between two points inside the conductor, taking the effect of the leads into account through X%,

self-energy due to leads compared with self-energy due to e-e interaction, e-phonon interaction, etc..
Key difference: self-energy due to interaction is approximation, self-energy stemming from leads is exact. An-
other feature for self-energy is that generally, it is Non-Hermitian due to infinite leads. It indicates an mesoscopic
platform for non-Hermitian physics.

Appendix: Proof of additivity of Ef:

— _
9, 0 . . Tp, G, Gpp, - o Gy
-1
0 g, 0 .. T, Gpp, Gp, o o Gy
=1 (3.273)
0o ... .. g;l_l T, o Gy Gy
i 7';1 T;Z Tgi EI—H, || chl chz chi . ]
—1 _
gpl Gplc + Tpl GC =0
—1 _
gpz GP2C + szGC =0
g;ileic +7,Ge =0
which gives
Gpoe=—0p.TpGer ThGp o +70,Gp  + .+ 1) G, + (BT —H,)G, =1 (3.274)
(BEI—H,—1}0, Ty, — Th0p. T, — - — Ty T )Ge = = G, = [EI — H,— Y SE]"1  (3.275)
p

What does the effective Hamiltonian mean? From the eigen-equation,

HTP Tp Vo \ g Y (3.276)
TP Hc wc Qpc

we derive the eigen-equation for ¢
Hyhy, + 1y = By, = (B — H,)¥, = 1,0, = 1, = 6,70, (3.277)
T,Wp +Hy, =FEy, = (ngpr +H, )y, = Heff¢c = By, (3.278)

Note that H, is a function of E. If we solve the eigen-equation consistently, then we can obtain the eigen-
energy of the whole system.

3.5.3 Solve the self-energy and transmission function

To obtain 25” = T,I 9,7, + H,, we first solve gf for an isolated lead. Goal: discrete
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3.5 Tight-binding model (the method of finite differences)

— 00 <— Pi

pPj

1 open boundary
1 I
condition

first solve a continuous semi-infinite wire

Am < _ standing wave

Ny

x=0

Appendix: Eigenfunction: ¢, 5 = \/% X (¥) sin(BT), €,,,5 = €, 0 + % Expand GF using eigenfunc-

: YR _ 1 .
tion, G'* = ey
- Ao 1 - 1 -
GR(#,r") = #|GEl) = (F|————5—=|r m ) e m, i
() = (FEY) = () = mzﬁu B o)
, . o (B2719)
_Z mﬁ )wmﬁ( ) “ Z Xm Xm )Sll’l(ﬁ.’E)SlH(ﬁl‘)
E—e¢,,,— (h?5%2/2m) —1—117 L e, — (h2B2/2m) +in
we focuson z = 2/, )
2 Xon (¥) X (y') sin” (Bz)
R oy — 2 m m 2
GR(z,y,2",y) Lm;OE—ém,o—WﬂQﬂm)Hn (3.280)
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3.5 Tight-binding model (the method of finite differences)

AB(OBC)=3 Ak(PBC), 3° 5 LTag=

sin® ()
GR(%?J, 7y ZXm Xm / E_ng <h2ﬁ2/2m) +an'3

ezﬁx o efiﬁac 2_ eQsz . 672zﬁx

sin” () = <T>2 -

- 0 2 _ 621’5;16 - 672iﬂx
= G (7,7 E / —d
Xm Xm b E— ‘Em,O _ <h252/2m> 4 in /8

, r oo 1 oo e2i5r oo e—2zﬂw
7;xm<y>xm<y> | xdﬁ—/ dﬁ—/o ]
1 / oo 1 00 2151:
1 / 00 21,81

oo 1 21[330
ZX’” Pl [oﬂ TR / =)

m ) 1 QZBSU
=~z 2 Xm ()X ) U GETAICET B / "
S I . 1 L0 R CLONIET R
h? Zm:xm(y)xm(y)[[Oo(ﬁ_ﬁ+ ﬁ—ﬁ_>(ﬂ+—ﬁ_>dﬁ 5, -5 5 g, ]

m e 1 1 1 1 )
_ / o dB — (2mi) —— 2ik,,x
Wh22xm(y)xm(y)[/_m(ﬂ_km_m BT T g 4 @i ]
1 1 .
o 2ik,, T - / _ p2ik,,x
mQ E Xon (U)X (¥')[278 — 270 ]%m Em hvmxm(y)xm(y)[l eHm]

B 2sin(k,,x) ik ,
=D X W) X ()

m m
(3.281)
where 3, = +(k,, +in). G(z,y,2",y") = >om MXm@)@lkmme( ). Discrete version: y = p;,
y' = p;, * = a, otherwise, G® = 0. Long-wavelength limit: sink,,a ~ k,,a = v,,7a = vm%,
~ 1 ik,,a
G (Pin0) = = Y X () i () (3.282)

m

Note that the above expression is not the final result. Special cares should be taken to the correspondence
between the continuous and discrete quantities.
d-function: §(z) — %(2,0. d-function is defined by the integral [ f(z)d(z)dz = f(0)

=) Awd(a,) ) =) 6iof (@) = £(0) = Az;d(x,) = 6, (3.283)
ord(z) = 6, , Note a : Az;). For wave funct;on 1(z), normalization requires
/ Y (2)p(z)de =1 = Zw* ia)p(ia)Ax, =Y ¢*(ia)y(ia)a (3.284)
Discrete: i
D) = 1= 9(0) = Vay(ia) (3.285)
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3.5 Tight-binding model (the method of finite differences)

Note that G(z,2") = >_ %%(m/), so that the discrete 1D GF differs from the continuous GF by a, so

~ 1 (A a
9" (piopy) = ag" = =Y X PP X0 (1) (3.286)

m
which is the desired result, with the unit of E~1. g% (p,, p;) is called surface GF, which is the GF elements at
the surface sites, with the semi-infinity of the leads taken into account already by the boundary condition.
In most cases, the surface GF cannot be solved in an analytic way. The iterative method is usually
adopted for the discrete leads, see Ryndyk.
After we obtain the surface GF, we have the self-energy
S 5) = g™ (05,0;) = —t Y Xon (01) €™ X, () (3.287)

mep

3.5.4 Transmission function

Use the result of GF and the Fisher-Lee relation, we can calculate the S-matrix and so the transmission
function. S,,,,, = —6,,,,, + il /U, U [ X0 W) IGE (Ugs ¥p) X (4p,)dy,dy,. Discrete version: x,,(y, = 4;),
Xon(Yp — pn GR t(yy = J,y, — 1). Specifically, f ax,(Yy = 4;0) = Xn(2)s VX (Y, = pia) = X (D),
aGE (y, = ja,y, = ia,z,2") = G (5,0, 2,2"), > G (g, vy, 2, 8) = GE (5,7, s G )-

Snm = _6mn + Zh\/ UpUm Z Aysz]Xn yq = qja)[GR(yq = ja7 yp = la)]Xm(yp = pia)

= G T 10,0 Y aPX, (Y, = 40) |Gy, = ja,y, = 1)) (Y, = Pia) (3.288)
GG
= —0 i+ ih/V, 0, an 7;) (‘7 GH0A, )

The factor a comes from the dlscretlzatlon in the z-direction. The “a” factor does not matter for the y-direction.
The integral and sum is equivalent as long as the correspondence of the wave functions are properly related.
Forn #m,9d,,, =

hZ/U’I’L’Um </, 2
(S = =25 Z X (4)) GR (G5 8) X (P2) X (P )G (3587 ) X () (3.289)
154’1’
. hv,, o
= Z X (037) =X (0) G ()Xo (02) = X (1) GA (0, 5) (3.290)
155’4’
Y S Y { 3 e M) @
neq mep 1554 neq
mep
where [0, X (7)™ 22X, (g)] i Ty (5, ), and [Zmep Xon () 222X, (P)] B8 T (4,77).
SO
=Y T (7 NGRGOT, (4,1 )GA(, ') = Tr [T ,GFT,G4] (3.292)
ijg’ i’

This compact form is widely used, which generally holds in a broader context.

', (7, j) is called line-width function, it is related to the self-energy as

— J[2R A
T, =i[SF - 4] (3.293)
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3.5 Tight-binding model (the method of finite differences)

SR, 5) =~ > X (D)X, (D)) (3.294)
mep
= (SR =50 =it Y X (p) (€7 — &)X, () (3.295)
mep
=t Z Xm (P;)(—21) sin k,,,ax,, (p;) (3.296)
mep
h
~ D X (P) (2105 5 )Xo (1)) (3.297)
mep
=3 Xy (9) = T (0, ) (3.298)
mep

Although these relations are derived using the normal electron. the formula and physical results are

more general, which can be derived in a rather general way, using NEGF.

Interpretation of qu =Tr [FqGRFpGA]:
o G™A: describes the dynamics of electrons inside the conductor, taking the effect of the leads into
account through the self-energy X4,

o I': describes the coupling of the conductor to the leads.

To understand it more clearly, lets focus on S,,,,, (n # m):

n = T Y (0) YA ) (3.299)
Appendix for LDOS:
+ 2 . 2 _ 2
Vgl =07) = ZXm(y) sin (Bx) ~ me(.w sin (Ba) ~ EXm(Z/)BﬂU (3.300)
LDOS for the m-mode:
pm(x=0%y: E 25 E — E,, )%, 5(01)1),,,5(0%) (3.301)
L [ ans— B 22 (e = 2 [ assE— B e o ()
- W/ BO(E ~ Eng) g = 2 [ ass(E - Egnito) (s
(3.302)
_ 2 2 hvﬁ
- W/dEnzﬂé(E - EmB)Xm(Z/) (2at)2 (3303)
_ g 2 hvm(E)
= h,, X2 = p(0%,y: E) 5 (2at)? (3.305)
= VU, X = VPm (07, E)\/Z@at) XV P (P3)1 (3.306)

m % DA Pal@PG (G i)ty Py () (3:307)
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3.5 Tight-binding model (the method of finite differences)

Dyson equation and Feynman paths:

GF'=E—H,—-2=G}'" —-% (3.308)
GR = GE + GEXRGR = GE + GESGE + ... (3.309)
= GI(ji1) = G (5,4) + GF (4, )2(¢', ) )G (5 8) + ... (3.310)
S,5) =Y %, > tgl(pp)t 3.311)
p p

et
A

3.5.5 An effective Non-Hermitian problem

GE'=FE-H,-Sf=F—H,;  Hy=H,+3F (3.312)

e
where Hgff # H, ¢ due to YET £ 217 in general.
Eigen-equation for the effective Non-Hermitian:

Heppho = €a¥a (3.313)
where {e,} are general complex, except for some PT mechanism.
Eq = €0 — A, —1(7,/2) (3.314)
where ¢, is the eigen-energy of H_, is real, and —A_, —i(~y,/2) is correction due to leads.
Vo (t) = e 0, )(0) = e a0 Balt/he 5 e (0) (3.315)

A, is the renormalization of energy, 7, captures the escape of electrons from the conductor to the leads.
Probability: |1, |2 7=!", £ /v, is the lifetime inside the conductor. For isolated conductor, it’s Hermitian,

v, = 0, with infinite lifetime.
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3.5 Tight-binding model (the method of finite differences)

3.5.6 Eigenfunction expansion: bi-orthonormal set

Heppto = €ata (3.316)
where {1, } do not form an orthogonal set. Consider the eigenstates ¢, of the adjoint operator:
Heffcba =er®, (3.317)
{¢,}, {®,} form a bi-orthonormal set, {¢,, } is called right basis, {®, } is the left one.
/@Z(F)wﬁ(?')d? = 0ap (3.318)
The Green’s function naturally be expanded by the left-right basis as
[ (3.319)
ff o
= Z |a_7°‘ (3.320)
= GRE,7) = (7| GR|#) Z Yalr >, 5,, > 0, no need of 7. (3.321)
o

The Green’s function language can naturally deal with effective Non-Hermitian problem. Within this
framework, the bi-orthonormal basis is adopted. Recent progress in Non-Hermitian physics inspires us to “en-

gineer” the effective Non-Hermitian problem via proper leads'?

12See Shao PRL 2024, Geng PRB 2023.
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